EXERCISES IN MATHEMATICS

Series G, No. 2: Answers

1. Let y = wvw, where u = u(z), v = v(z) and w = w(x) are each a func-
tion of x. Establish a product rule which should enable you to find the
derivative dy/dx.

Answer. Define p = vw so that y = up. Then
dp dw dv

— =v— +fw

dx dx dz’

and
dy _ dp  du
dr  dx pdx
0 e
—uvdx uwdx vwdx.

More generally, if

n
y:alxagx---xan:Haj,
j=1
where a; = aj(x);j =1,...,n are each a function of z, then

dy - y da;

de  “~a; dx’
Jj=1

Observe that this result may be used to establish the rule that

d

— " n—1
dz

=nx" ",

which we might otherwise establish from first principles using the binomial
theorem.

2. Over a 20-year period, the number of households of Casterfield has grown
from 15,000 to 22,000. The average number of cars per household has
increased from 0.5 to 0.85, and the average daily distance travelled by
private cars has increased from 12 miles to 15.5 miles.

Imagine that these quantities are governed by equations in the form of
yr = yoe"t, where yy and y; are respectively the quantity at the beginning
and the end of the period, e is the natural number and r is the growth
rate. Equivalently, Iny; = Inyg+rt, where In denotes a natural logarithm.

1



EXERCISES IN MATHEMATICS, G2

(a) Find the annual growth rate of the number of households, of car

ownership and of average daily mileage separately. (b) Find the annual
growth rate for the overall daily mileage travelled by the citizens of Cast-

erfield.

The equation which governs the growth of y indicates that

1 (Z/t) _Iny; —Inyog
r=—1In =

Answer.

Yo

Let N, C' and M denote the number of household, the cars per household and
the average daily mileage respectively. The growth rates per annum are

1. /N, 1 (22,000
L (N1, —1.914
N tn(No) 20 n(15,000) 91496%,

1. /¢, 1. /0.85
o () = S (222) — 265314
n( > 20" (0.50) 65314%,

1 M, 1 15.5
=-In({—|==In({——) =12
ry = n (Mo) 50 2 (12‘0) 7967%,

whence

is the annual growth rate of overall daily mileage travelled by the citizens.

Alternatively, we can calculate

L/ N.CM 1 (22 1
( +Cl t) In (M) = 5.84777%.

— Cqp [ ) =
"=\ Ny Co M, 15 x 50 x 120

20

3. Use two iterations of the formula

1 N
§ry1 = B (fr + ﬁ_r)

to find a approximation to v/13 by setting N = 13 and using {y = 4 as a
starting value, and check the result by finding £2.

Answer. With £ =4 and N = 13, the formula gives

1 13 29
G=5 (4 + Z) =5 =3625  and €7 = 13.140625.
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Then with & = 29/8 the formula gives

=3.60560 and &5 = 13.00038.

8+29

1 (29 13 ><8) 841+ 832

S 464

4. Find an approximate solution to the equation
f(z) =22° — 22— 190 = 0
via three iterations of Newton’s formula
2 =2, = {f' (@)} flar),
using xg = 2 as the starting value.

Answer. If fact, it is instructive to take two more iterations in order to
establish the convergence of the algorithm. With xy = 2, we get

z1 = 2.82278490 ] = 7.96811460
Ty = 2.56556535 r3 = 6.58212555
r3 = 2.50255704 T3 = 6.26279173
x4 = 2.49920440 z; = 6.24602262
z5 = 2.49919534 T2 = 6.24597733.

5. Find the equation of the straight line ¢ which passes through the points
(z,y) = (3,13),(7,25). Find the equation of the straight line perpendicular
to £ which bisects £ midway between these points.

Answer. Denote the equation by y = a + Sz and the pair of points by
(x1,vy1), (z2,92). Then

Yo = a + PBxo

Y1 =a+ ﬁl‘l

Yo — y1 = Bxe — 21),

SO
Y2 — U1
@:

T2 — X1

and a =1y — fx;.
In this case, we have § = 3, a = 4; and therefore the equation of the line £ is
y =3z +4.
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Let the equation of the line perpendicular to £ be
y=+0x.

The slope of this line is § = —37! = —% The line passes through the mid-
point on the chord between (3, 13), (7,25), which is the point (z3,y3) = (5, 19).
Hence y3 = dx3 + 7 implies v = y3 — dxz3 = 19+ 5/3 = 20%.

6. Find the parameters a, b and ¢ of the quadratic q(z) = ax? + bx + ¢
with the coordinates (z,y) = (0,3),(2,1), (4,3) and of the line ¢(z) which
passes through the points (x,y) = (0,3),(4,3). Find the equation for
¢(x) = q(z) — ¢(x), and show that ¢ (x) = for some value z € (0,4).

Answer. The parameters of the quadratic may be found by found solv-
ing the following three equations obtained by substituting the values from the
coordinates (z,y) into the equation y = ax? + bz + ¢

3 =c,
1=4a+2b+c,
3 =16a +4b+c.

The coefficient are a = 5,b = —2, ¢ = 3 so the quadratic equation is

N[

1
q(r) = 2® — 2z + 3.

2
The equation of the line passing through the points (0, 3),(4,3) is {(z) = 3,
whence
o(x) = q(z) — {(z)
= 2% -2
and
¢ (x) =z —2.

Setting ¢’ () = 0, which the first-order condition for a minimum, and solving
the resulting equation gives x = 2.



