EXERCISES IN MATHEMATICS
Series F, No. 2: Answers

First Principles
1. Differentiate from first principles y = 22 — 4x.

Answer. We have y + 0y = (z + dx)? — 4(x + dx). Subtracting y = 22 — 4x
gives
5y = [(z 4 6z)* — 4(z + éz)] — [2° — 4a]
= 2% + 22(62) + (6x)% — 4o — 4(0z) — 2° + 4z
= 2x(6x) — 4(0x) + (6x)%.
Dividing by dx gives

g—i =2r — 4+ dx;
and the limit as dz — 0 is
@ = lim <5_y)
dx sz—0 \ 0z
= 2x — 4.

2. Differentiate from first principles f(z) = 1/x.

Answer. Subtracting y = 1/z from y + dy = 1/(z + dx) gives

1 1 x—(z+0x)
(5y fd _—— = —
x+dr = (x + dz)x
. —ox
(x +d0x)z
Then, dividing by dz gives
oy -1

ox  (z+ox)x’

lim (5_y —@——i
se—o\ox ) dr  x2’

from which
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Composite Functions
3. Find dy/dx when y = (2% — 5z + 7)*.

Answer. Define u = (22 — 52 + 7). Then y = u?, and hence

Z—Z:élu?’ and 3—22255—5.
By using the chain rule, we get
dy dy du 9 3
_— = — _— = 4 — 2 — .
T = I (x* —bx +7)°(2x — 5)

4. Find dy/dx when y = (v — 1//7)°.
Answer. Define u = (/z —1//z) =22 — 2~ 2. Then y = u5, whence

dy 4 dv 1 _1
_— = d _— = = 2
Tu 5u an I 5 T +

i

[S][oV)

1
2

Hence, using the chain rule, we get
dy dy " du 5 1\"/ 1 1
_— = — _— = - €r — — - .
de  du dxr 2 N NV

5. Find the derivative of the function f(z) = (2 — 2%)73.

Answer. Define u =2 — 2* and y = «~3. Then

% = —3u~? and 3—; = —4g3.

Hence, using the chain rule, we find that the derivative of the function is

dy _dy 1220
dr  du = dxr (2— 2%

6. Differentiate /(1 + z—1).

Answer. Define y = u? with w =1+ z~!. Then

dy 1 1 du
%—§u2 and %——x
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Then the derivative of the function is found via the chain rule:

% dy du -1

dr  du dr 222y/1 + -1

Products and Quotients
7. Differentiate y = (2o 4 1)3(z — 8)7 with respect to .

Answer. Define u = (22 + 1)% and v = (x — 8)". Then

Z—Z = 6(2x + 1)? and Zz 7(z — 8)°;

whence the derivative of y = uw is found via the product rule:

d —(uv) = u@ + vd—u
dx dx dx
=72z +1)3(x —8)° +6(x —8)"(22 + 1)?

=522 + 1)*(z — 8)%(4a — 11).

8. Find the derivative of \/(z + 3)3(x — 1)%.
Answer. Define y = \/p = y/uv, with u = (z + 3) and v = (x — 1)*. Then

dy 1 du 9 dv 3
= =— — =3 3 d — =4(z -1
B=as @ =dEre md a1,

whence the product rule gives

= 4(x +3)3(x — 1)3 + 3(z — 1)*(z + 3)?
= (z+3)*(x — 1)*(7Tx +9).

Applying the chain rule gives the derivative in question:

dy dy dp

de dp dx

1(z+ 3)2(xz —1)3(7x +9)
2 (z+3)3x-1)4

= (2 —1)(Tz +9)V/(z + 3).

DN | —
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9. Differentiate 322 /(x — 1)* with respect to z.
Answer. Let y = u/v with u = 32 and v = (z — 1)*. Then

du dv

e 6x and i 4(x —1)3,
and so the quotient rule gives

dy  v(du/dz) — u(dv/dx)
dr v?

_ bz(x—1)* —122% (2 — 1)3

(z = 1)
_ ba(z — 1)3(x+1) _bz(z+1)
R S | R F

10. Differentiate \/(z — 3)/(x2 + 2) with respect to .

Answer. Define y = u/v with v = (2 — 3)2 and v = (22 +2)z. Then

dv

1
%zi(x_?))% and @:x(m2+2)’%,
and so the quotient rule gives
dy  v(du/dz) — u(dv/dx)
dr v?
_ 3@+ 2@ —3) 7 —a - 3)3(@? +2) 7
2+ 2 '

Next, multiplying top and bottom of this expression by 2(z —3)2 (22 +2)z and
simplifying gives
dy 6z — 22 + 2

o (22 +2)\/(z-3)(@ +2)




