CHAPTER 8

Estimation of Structural
Econometric Equations

The classical linear simultaneous-equation econometric model is a system
which relates M output or endogenous variables to K input or exogenous vari-
ables. The special feature of the model is that each of the output variables in
the vector yi. = [Y¢1, Yi2, - - -, Ysar] is @ function not only of some of the K input
variables of the vector x; = [x41, 22, ..,2ik] but also of some of the other
variables in ;..

One way of describing this feature is to say that there is instantaneous
feedback from the output side of the system to the input side. Thus, the jth
structural equation, which describes the output y;; in terms of the elements of
x¢, and the remaining elements of y;., can be written as

(1) Ytj = Ye.C5 + 2. B85 + €4,

where c; and 3; are the parameter vectors of this equation and where it is
understood that c;; = 0 to prevent y;; from appearing on both the LHS and
the RHS.

An alternative way of writing the structural equation, which places
in the company of the other endogenous variables of the wider system, is to
express it as

(2) Ye.v.j x84 ey = 0.

Then « ; and c ; differ only in respect of their jth elements which are 7v;; = —1
and c;j; = 0 respectively. The condition «;; = —1, which serves to identify the
dependent variable of the structural equation, is called the normalisation rule.

The M structural equations may be compiled to give the following system:

[yt17yt27 e 7th] = yt.[C.hC.Q; s 7C.M] + xt.[ﬁ.l;ﬁ.Qa e 76M]

+ [5t175t25"'7€tM]7

(3)
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which becomes
(4) Y. = yr.C + x4 B + &4,
in a summary notation. This can be written alternatively as
(5) v '+ 2e B+er =0,
where I' = [y.1,7v.2,...,7,]-

The Reduced-Form Transformation

If we are prepared to overlook the structural details of the econometric
model, then we might accept a description of each of the output variables in
yt. = [y, Ye2, - -, yenmr] which is in terms of the input variables alone. Such
a description is called the reduced form of the model. The reduced form is
obtained from equation (5) by postmultiplying it by the inverse of the matrix
I' which describes the instantaneous feedback connections. This gives

(6) . =x I+ with  II=-BI'! and . = —g L

Assumptions must now be made regarding the stochastic elements of the model.
We shall assume that the elements of the vector e;, = [e41, €42, ..., €], Wwhich
are the M structural disturbances, are distributed independently of time such
that, for every ¢, there are

(7) E(g)=0 and  D(e.) = E(e; &) = Dee.

It is also assumed that the structural disturbances are distributed indepen-
dently of the exogenous variables so that C(e;, x5 ) = 0 for all ¢ and s.
It follows that the vector ;. = —&;. I'~! of reduced-form disturbances has

8) E(m)=0 and D) =T""'DE ) t=1""18..I!=q.

The transformed disturbances retain their independence of x; , which gives the
condition that C(n; ,x, ) = 0 for all ¢t and s.

The Identification Problem and the Structural Model

The structural simultaneous-equation model is affected by the so-called
identification problem which limits the possibilities of estimating the structural
parameters. Given a sufficient set of observations, we shall always be able to
estimate the parameters of the statistical relationship between the endogenous
variables in ;. and the exogenous variables in x; , which is the reduced-form
relationship. However, if we are to succeed in uncovering the parameters of the
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structural relationships, then we must have some prior information regarding
the structure.

Let us assume that the statistical properties of the data can be described
completely in terms of its first and second moments. We can denote the dis-
persion matrices of z; and y;. by D(z;) = ¥;, and D(y..) = 3, and their
covariance matrix by C(x;,y:.) = ¥;,. By combining the reduced-form re-
gression relationship of (6) with a trivial identity in x;, we get the following
system:

) e ]|y Y] = .

Given the assumptions that D(n;) = Q and that C(n:.,z:) = 0, it follows that

(10) I 1" |2, X I 0] [ O

0 I Yoy Zao| |- I| |0 Xu|”
Premultiplying this system by the inverse of the leading matrix gives an equiv-
alent equation in the form of

Sy S| [T 0] [I WW[Q 0
=l )= 0 T S
(11)
[ .,
_{0 I }

From this system, the equations ,, — 3,1 = Q and ¥, — 3,11 = 0 may
be extracted, from which are obtained the parameters that characterise the
reduced-from relationship:

(12) N=%,_.%, and Q=%,,—2,351%,,.

These parameters can be estimated provided that the empirical counterparts
of the moment matrices .., X,, and X, are available in the form of M, =

T3y w, My =T 3 gy ye. and Myy =T 37, @) y..
Now consider combining the structural equation of (5) with a trivial iden-
tity to form the counterpart of equation (9). This is the equation

(13) (. xt,]{g ?]:[et. Ty ].

Given that D(e) = .. and that C(e,z) = 0, it follow that
14 ' B'[%, .][T 0] _[Z. o
0 I||%y Swl|l|B I 0 Yol
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and, from this, an equivalent expression can be obtained the form of

Sy Sye] [T 0] [0 W] [S.. 0
Sey Sex| |B I| | 0 T][0 %
C[or ws,,
I U >

(15)

This identity provides the fundamental equations that relate the structural
parameters I', B to the moment matrices of the data variables. These equations
can be written in two alternative forms:

0] [Zy, -9 Z.][T

0] | %2y 2| |B
(s, WX, ][T
| 2y S | |BC

(16)

The first equation follows directly from (15). The second is obtained via the
identities ¥, = II'Y,,II + Q and X,, = ¥,,II, which are from (12). Indeed,
by replacing IT' by EWE;;, we can express the matrix of the second equation
in terms of the data moments alone.

Equation (16) represents the basis from which we must infer the values the
structural parameters I' and B. It is clear that, as it stands, the system contains
insufficient information for the purpose. In particular, the constituent equation
'y, I' +II'Y,, B = 0 is a transformation of its companion ¥,,I"+¥,, B = 0;
and, therefore, it contains no additional information. In fact, if the moment
matrices are themselves unrestricted, apart from the inevitable conditions of
symmetry and positive definiteness, then the number of unknown parameters
that can be inferred from equation (16) cannot exceed M K, which is the number
of parameters in the reduced form regression matrix II.

In theory, the prior information affecting I' and B can take many forms.
In practice, we are liable to consider only linear parametric restrictions, which
are usually the normalisation rules that set the diagonal elements of I' to —1
and the exclusion restrictions that set certain of the elements of I' and B to
zeros. If none of restrictions affect more than one equation, then it is possible
to treat each equation in isolation.

If the restrictions on the parameters of the jth equation are in the form of
exclusion restrictions and a normalisation rule, then they can be represented
by the equation

Ré 0 Yil |7y Rg 0 viteEi| 0
I R I A e R
where R, comprises a selection of columns from the identity matrix Ix of
order K, R, comprises, likewise, a set of columns from the identity matrix I,
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of order M, and r; is a vector containing zeros and an element of minus one
corresponding to the normalisation rule. The vector e; is the jth column of Ij,
whose unit cancels with the normalised element of « ;.

We can represent the general solution to these restrictions by

-1 2kl

18 = _ 7
where v,; and (3,; are composed of the M; and K; unrestricted elements of v ;
and 3 ; respectively, and where S, and S, are the complements of R, and R.
within I, and Ik respectively.

On substituting the solution of (18) into the equation ¥,y ; + X420, =0,
which is from the jth equation of (16), we get

This is a set of K equations in M; + K; unknowns; and, given that the matrix
[Xay s Xag] is of full rank, it follows that the necessary and sufficient condition
for the identifiability of the parameters of the jth equation is that K > M;+ K.
If this condition is fulfilled, then any subset of M; + K of the equations
of (19) will serve to determine v,; and 3,;. However, we shall be particularly
interested in a set of M; 4+ K; independent equations in the form of
(20) SQH’ZWSQ SQH’EMS* :| |:’Y<>j :| |:S</>H/ny€j :|
S!S S80S | 1B] | Siue; |

which are derived by premultiplying equation (19) by the matrix [ILS,, S.]’.
These equations, which we have derived solely by considering the relationship
between the parameters of our model and the moments of the data vectors z
and y, must be the basis of any reasonable estimator of the parameters of the
individual structural equations, regardless of the principles from which it is
derived.

Least-Squares Estimation of a Single Structural Equation

Now consider the identity n; I' = —e&; which expresses the relationship
between the structural-form and reduced-form disturbances. This contains the
equation 7, 7. ; = —e¢; which can be used to rewrite the jth structural equation
as

(21) (ye. = e )y + 2.8, =0.

The latter is the equation of an errors-in-variables model in which the errors
extend only over a subset of the variables.
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Let us ignore the subscript which indicates the location of the jth struc-
tural equation within the system of M equations. If the dispersion matrix
D(n;.) = Q were known, then we should seek to estimate the parameters v and
B by finding admissible values which minimise the function

T

T
Dol = (g — ) (e — )
t=1

(22) t=1

where pe. = Y. — Np. = x4 11,
subject to the condition that

(23) pe.y + .3 =0.

The latter condition is implied by the relationship III' + B = 0 which connects
the reduced-form parameters to the structural parameters of the system as a
whole.

The minimisation of (22) is accomplished in two stages. First, it may be
noted that, for given values of v and 3, equation (23) defines a hyperplane
within the space of dimension K + M which contains the vectors [y;,x¢ ]’
comprising the observations on the system’s variables. The point [u, 2]
is contained within this hyperplane; and its distance from the corresponding
vector of observations is given—in terms of the metric defined by Q~'—by

(24) lye. — pello-1 = v (e, — pe ) Hye, — pe )’

First, we require to minimise this distance for given values of v and (3. There-
after, we may find the values v and (8 which minimise the sum of squares of
the T' distances which is expressed under (22). Let us therefore consider the
following Lagrangean criterion function:

(25) L= (yr. — pue.) 0 (e — pe) + 221y + 2. 3).

Differentiating this function with respect to p; and setting the result to zero
for a minimum gives the condition

(26) —(ye. — )T+ X =0,
from which

(27) (ye. — )1 =N,
(28) (ye. — pie.) = Ay
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Putting these two equations together gives
(29) (ye. — e ) H(ye. — ) = X2y Qy.

But, on postmultiplying (28) by 7 and using the condition —pu; v = x4 3, it is
found that

(30) Yy — Py = yey + 2 8 = M Qy,
which implies that
)\ _ Ye.Y + xt.ﬁ
=t
¥y

Thus, (29) can be written as

_ ye.y + 20.8)°
31 — Q! — "= (—
(31) (ye. — ) (ye. — pe.) TR

Now define the matrices Y/ = [y} ,v5 ...,y | and X' = [z} , 25 ..., 2/ ]
which together comprise the complete set of observations on the system taken
over the T periods. Then the expression for the sum of squares of the deviations
of the observations from the regression hyperplane becomes

(32) Z Ye. = 1) (Y — ) = SR Xﬂ?g;ly/’y u Xﬁ)

t=1

The criterion function of (32) must be minimised subject to whatever prior
information is available regarding the elements of v and 3. When it is com-
bined with the sample information of ¥ and X, this prior information must
be sufficient to render these parameters identifiable. The prior information re-
garding v and [ usually takes the form of exclusion restrictions which indicate
that certain variables which are present in the wider system are, in fact, absent
from the structural equation in question. There is also the normalisation rule
to be taken into account which indicates that one of the elements of y;. is the
dependent variable of the equation in question.

A general way or expressing the prior information regarding the parameters
is to write an equation in the form of

(33) v+ RyB=r.

In the case where the only restrictions are exclusion rules, the matrices R} and
L, will contain elements which are either zeros or units, whilst the elements of
the vector r will be zeros apart from a single element which corresponds to the
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normalisation rule and which takes a value of —1. Reference to equation (17)
shows that [R,,0] = Ry and [0, R.] = Rs.

The criterion function for the restricted estimation is given by the following
Lagrangean expression:

Yy +XB)(Yy+XB)
vy

(34) L= + 2/ (Ryy + Ry8 — 7).

Differentiating this with respect to v via a product rule and setting the result
to zero gives

Y+ XpB)Y  (Yy+ X3 Y+ X8V o
(35) T ) + KR} =0.

Multiplying throughout by /€2y and defining a new multiplier u = k' gives

an equation of which the transpose is

Yy + X0)' Yy + X0)
vy

(36) Y’Y7+Y'Xﬁ—{ }Q”H—Rlu:O.

Next, differentiating the Lagrangean function of (34) with respect to [ and
setting the result to zero gives

(Yy+XB)'X
vy

(37) + KR, =0

which, on multiplying by 4'Q~ and transposing gives us
(38) X'Yy+ X'YB3+ Ry = 0.

On combining equations (36) and (38) together with the equation (33) of the
restrictions, we get an equation in the form of

Y'Y -2 Y'X R v 0
(39) XY X'X Rs Bl =101,
R R, 0 1 r
wherein
vy '

In order to use these equations in estimating the parameters of the struc-
tural equation, a value must be given to ). This is the dispersion matrix of
the reduced-form disturbances:

(41) Q=D(n.) = E{(yr. — x 1) (2. — z. 1) }.
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A direct application of the method of moments suggests that an appropriate
estimate would be given by

Q0= %(Y — XII)(Y — XTI)

_l / . / —1 v/
= SV - X(X'X)7IX'}Y,

(42)

where IT = (X’X)"1X'Y is the estimate of the reduced-from coefficients from
equation (6).

Equations (39) and (40) together represent a nonlinear system which must
be solved by an iterative method in order to generate the estimates of the
structural parameters. A straightforward iterative procedure can be defined
which begins by setting A = Ay = T in equation (39). The equation is
then solved for the first-round estimates ~(;) and ;). These estimates can
be drafted into equation (40) to provide a revised coefficient (1) to replace
Aoy = T. When equation (39) is solved a second time with A = A(y), the
second-round estimates 7(2) and (3(2) are generated.

It should be easy to see how this procedure can be taken through any
number of iterations. The procedure can be halted when the values of v and
[ emerging from successive cycles are virtually identical. In fact, four or five
cycles should be a sufficient number. The values of () and (1) which emerge
from the first stage of the procedure are, in fact, the so-called two-stage least-
squares (2SLS) estimates. The values upon which the procedure converges are
the so-called limited-information maximum-likelihood (LIML) estimates.

The Conventional Forms of the Estimators

It may be useful to extract the conventional forms of the estimating equa-
tions for 2SLS and LIML from the system which comprises equations (39) and
(40). For a start, we invoke the usual assumption, which is that, apart from the
normalisation rule, which we shall monetarily ignore, the a prior: restrictions
on v and 3 take the form of exclusion restrictions specifying that some of the
variables which are present in the wider system are not present in the structural
equation in question.

Let us adopt a notation which sets Y = [Yi, Y] and X = [X,, X..],
where Y., and X, are the matrices of the excluded variables, and let the
leading column of Y, be the vector of observations on the dependent variable
of the structural econometric equation. The estimating equations in this case
become

(43) VY, -\, Y/X.][+] o
X'Y, X'X. |8 |0o]”
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Vi Slave ’
(45) Q. = %Y*’{I - X(X'X)"'X'}Y..

Solving the second line of equation (43), which is the equation X|Y.7v. +
X! X0« =0, gives

(46) By = —(X.X)1XLY, ..
Substituting this back into the top line of (43) gives
(47) (VY = A0 )y, + Y/ X (X! X)X Y,y = 0.

This can be written as

48)  {Y/(I-P)Y. - 2L}y =0  with Q. = %Y’(I — P)Y.,

*

where P = X(X'X)™1 X" and P, = X, (X.X.)"1X].

Notice that the first equation under (48) is in the form of the estimating
equation of an errors-in-variables model. Once this is recognised, alternative
ways of finding the estimates of 7, and of 3, suggest themselves. First the
equation of (48) is solved by finding the characteristic root A and the corre-
sponding characteristic vector v, using one of the standard techniques such as
the power method. Such methods find the value of 7, subject to some arbitrary
normalisation; and the normalisation rule which is appropriate to the present
application is the one which gives the leading element of the vector v, the
value of —1. By inserting ., suitably normalised, back into equation (46), the
estimate of (3, can be found.

The numerical results of this procedure are precisely the same as those
which would result from the previous iterative method when it is pursued to
full convergence.

Now let us consider imposing the normalisation rule upon the estimating
equations from the start. Let us define [—1,7}] = 7. and [y, Ys] = Yi to
conform in multiplication. Then the structural equation, which was formerly
written as Yiv. + X0« + € = 0, becomes yo = Yo7 + Xif« + €, and the
corresponding system of estimating equations becomes

Yoo — Ao YoYo — Aos  YoX« -1 0
(49) Y<>/y0 - A(-':)OO Y<>/Y<> - AQ(}Q Y<>/X* Yo = 0 ,
Xvo XY, XX, || B. 0
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where

(50) O, — {@Joo @00]‘

Woo oo

Ignoring the first line of the system, which can serve to determine A in terms
of 7, and f,, and rearranging the remaining lines gives the system

(51) Y<>/Y<> - )\Qoo Y<>/X* } {’Yo} _ {YQ,?JO - /\4:)00} .

XLYO XLX* ﬂ* XiyO

Now let us set A = T', which is the value which it assumes in the first round
of the iterative procedure which has been described above. The solution of the
resulting system was described as the 2SLS estimate. To derive a more common
expression for the 2SLS estimating equations, we may use the definition under
(42) to help in rewriting the equation. The definition indicates that

Y'Y —TQ=Y'Y — (Y — XII)/(Y — XTII)
(52) =Y'Y -Y'(I - P)Y =Y'PY
=X’ XTI,

where P = X (X’X)"'X. Let us also note that X'Y = X'{X(X'X)"'X}Y =
X' XTI By using these results, we can rewrite the estimating equations of (51)
as

(53)

My X' XTxe Wy XX ] [7] _ [T X' XTlxo
X! XTx, X! X, B X!/ XTxo |’

where XTIx, = X(X'X)"'X'Y, and XIIxo = X(X'X) 'X'yo. The latter
indicate that the equation can also be written as

(54) My X'Yo Ty XX [ ] _ [T X 0
X XYo XX | |5 XiXyo |’

which corresponds directly to the equations of (20) which describe the relation-
ship between the population moments of the data and the parameters of the
structural equation.

Two-Stage Least Squares and Instrumental Variables Estimation

The 2SLS estimating equations were derived independently by Theil and
by Basmann, who followed a different line of reasoning from the one which
we have pursued above. Their approach was to highlight the reason for the
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failure of ordinary least-squares regression to deliver consistent estimates of
the parameters of a structural equation.

The failure is due to the violation of an essential condition of regression
analysis which is that the disturbances must be uncorrelated with the ex-
planatory variables on the RHS of the equation. Within the equation y, =
Yove + Xifs + €, there is a direct dependence of Y, on the structural dis-
turbances of €. However, the disturbances are independent of the exogenous
variables in X,.

The original derivations of the 2SLS estimator were inspired by the idea
that, if it were possible to purge the variables of Y, of their dependence on &,
then ordinary least-squares regression would become the appropriate method
of estimation. Thus, if XIIx, were available, then this could be put in place
of Y,; and the problem of dependence would be overcome.

Although XTIy, is an unknown quantity, a consistent estimate of it is
available in the form of Y<> = XII Xo. Finding the estimate 11 Xo represents the
first stage of the 2SLS procedure. Applying ordinary least-squares regression
to the equation y, = }A’Q% + X, [0« + e is the second stage.

An alternative approach which leads to the same 2SLS estimator is via the
method of instrumental-variables estimation. The method depends upon find-
ing a set of variables which are correlated with the regressors yet uncorrelated
with the disturbances.

In the case of the structural equation, the appropriate instrumental vari-
ables are the exogenous variables of the system as a whole which are contained
in the matrix X. Premultiplying the structural equation by X’ gives

(55) X/yo - X/YQ’VQ + X/X*/B* + XI€.

Within this system, the cross products correspond to a set of moment matrices
which have the following limiting values:

plim(T ' X'yg) = Xay€o,

plim(T~'X'Y,) = ., S,
(56)

plim(T7'X'X,) = ¥,.5.,

plim(7T~'X'e) = 0.

When the moment matrices are replaced by their limiting values, we obtain the
equation

which has been presented already as equation (19). In this system, there are
K equations in M, + K, parameters. We may assume that [£.,,%,,] is of
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full rank. In that case, the necessary condition for the indentifiablity of the
parameters v, and (3, is that K > M, + K, which is to say that the number of
exogenous variables in the system as a whole must be no less that the number
of structural parameters that need to be estimated.

The empircal counterpart of (57) is the equation

(58) X'yo = X' Yoryo + X' X, ..

If K = M, + K., then this equation can be solved directly to provide the esti-
mates. However, if K > M.+ K., then the equation is bound to be algebraically
inconsistent and the parameters are said to be overidentified. To resolve the
inconsistency, we may apply to (55) the method of generalised least-squares
regression. The disturbance term in (55), which is X’e, had a dispersion ma-
trix D(X’e) = 02X’X. When this is used in the context of the generalised
least-squares estimator, we obtain, once again, the 2SLS estimates.
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