EXERCISES IN STATISTICS
Series A, No. 6

1. Let x1 and x5 have the joint p.d.f f(x1,2z2) = 21 + 22 with 0 < z1, 22 < 1.
Find the conditional mean of x5 given x;.

Answer. First let us show that
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From this we can see that f(z2) = [5 + x2]. Likewise, by an argument of
symmetry, we have f(x1) = [% + x1].
Next consider

We have

E(I2|J,‘1):/ J?Q%dd)g

1
=T To(21 + x2)dws = { + =
(3 +21) Ja, (3+z1) [ 2 3 laa=o

1 (3$1+2) . 3£E1+2
(r1+4) 6 6x1+3

2. Find the P(z < ylz < 2y) when f(z,y) = e~ @*¥). Draw a diagram to
represent the event.

Answer.

0o ay oo ay
Pz <ay) = / f(z,y)dzdy = / e Y {/ e_w} dy
y=0 Jz=0 y=0 z=0

/ e Y [—e*ﬂgy dy = / e Y [1 — e*ay} dy
y y
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Hence we get

1 1
2
P(x <y) 13 3

3. The variance of z1 + z3 is V(21) + V(22) + 2C (21, x2). Extend this result
to find the variance of x1 + x5 + 3.

Answer.
V(zy + 22 + x3) = V{(l‘l +x2) + :Eg}
= V(xy + x2) + V(23) + 2C(21 + 22, 23)

= V(.Tl) + V(SCQ) + V(.]?g) + 20(1’1 + wg,wg) + 20(1‘1, .’EQ).
But

C(x1 +x9,23) =F {(SE1 + x2) — E(z1 + 5132)}{373 - E(xS)}]
= F {g;l — E(ml)} + {xg — E(xg)}} [963 - E(QU?,)}
= B[{m1 ~ Blw)}{es - Blay))]

+ E[{l’g — E(Z’g)}{1’3 — E(Z’g)}]
= C(z1,23) + C(z2,23)
Substituting this result into the expression for V(x; + xo + x3) gives

V(zi+axotas) =V(e1)+V(xe)+V(xs)+2C (21, 22)+2C (21, 23) +2C (22, 23).

4. Find V(x; — z2). Prove that

Clar,2) < VTV () < 5 {V(m) + Vi),
Answer. For the first part,
V(21 —2) = E{(z1 — 3) — E(z1 — 7))}
= E|{o1 - B(z))} ~ {22 - E(xg)}r
= B{a1 — B(x1)}” = 2B |{z1 - E(a1) }{wz - B(2)}]

+ B{z; — B(z2)}”
— V(CE1> —+ V(IEQ) — 20(1'171'2>
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For the second part, we may assume that

C(I‘l, $2)
V(z1)V(x2)

<1

—1<p=

It follows that

C(l‘l, .1,‘2) S \/V(Qfl) —+ V(ig)

Also we have

0< (VV(@1) = VV(£2)" = Vi(ar) — 20/ V(@) V(@) + V(a2)

whence

%{V(xl) +V(z2)} > V/V(x1) + V(2)

and the result follows from combining the inequalities.



