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Abstract
Expected utility theory (EU) is unable to accommodate the observed non-linear
weighting of probabilities. We outline three stylized facts on non-linear weighting
that a theory of risk must ideally address. These are that people overweight small
probabilities and underweight large ones (S1), do not choose stochastically dominated
options when such dominance is obvious (S2) and ignore very small probabilities and
code extremely large probabilities as one (S3). We then show that the concept of a
probability weighting function (PWF) is crucial in addressing S1-S3. A PWF is not,
however, in itself, a theory of risk. PWF’s need to be embedded within some theory of
risk in order to have signi…cant predictive content. The two main alternative theories
that are relevant in this regard are rank dependent utility (RDU) and cumulative
prospect theory (CP). RDU and CP explain S1, S2 but not S3. We outline the recent
proposal of [2] for composite prospect theory (CPP) that uses the composite Prelec
probability weighting function (CPF). CPF is axiomatically founded, is ‡exible, and,
is parsimonious. CPP can explain all three stylized facts S1, S2, S3.
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Under expected utility theory (EU) decision makers weight probabilities linearly. But
the evidence strongly suggests non-linear weighting of probabilities. Consider the following
example from [21], p.283. Suppose that one is compelled to play Russian roulette. One
would be willing to pay much more to reduce the number of bullets from one to zero than
from four to three. However, in each case, the reduction in the probability of a bullet
…ring is 1/6 and, so, under EU, the decision maker should be willing to pay the same
amount. This suggests non-linear weighting of probabilities, which is also supported by
the emerging neuroeconomic evidence; see, [9].
The main alternatives to EU, rank dependent utility (RDU), prospect theory (PT) and
cumulative prospect theory (CP), incorporate non-linear weighting of probabilities using the
device of a probability weighting function (PWF). Sections 3.1.1 - 3.1.5 of this Encyclopedia
and, in particular, the …ve articles in section 3.1.1 discuss the axiomatic foundations of EU,
RDU, PT and CP. They discuss the non-parametric restrictions which must be imposed
on the PWF. The main restrictions are that the PWF is a continuous, increasing function.
This, for instance, is the case in the axiomatizations of RDU by [1] and [44].
By contrast, the aim of this article is to explore the parametric PWF’s. Our approach,
therefore, complements the material elsewhere in the Encyclopedia, gives concrete guidance
to the use of PWF’s in practical applications and imposes parametric restrictions on the
PWF which allows for sharper tests of the predictions.

1. Some basics
Let X = fx1 ; x2 ; :::; xn g be a …xed …nite set of real numbers, which represents the possible monetary outcomes/wealth levels. Assume that x1 < x2 < ::: < xn . The decision
maker has a set of feasible actions, A. Any action in A induces a probability distribution
P
(p1 ; p2 ; :::; pn ), pi
0 and ni=1 pi = 1, over the outcomes. We then de…ne a …rst order
lottery, L, as
L = (x1 ; p1 ; x2 ; p2 ; :::; xn ; pn ) ,
(1.1)
with the interpretation that outcome xi occurs with probability pi . Higher order lotteries
(lotteries of lotteries) can then be de…ned by recursion. Let L be the set of all lotteries.
How should the decision maker choose an action in A? EU postulates that a decision maker
has a complete transitive preference ordering, , on L. Under well known assumptions
(see e.g., [16]) each lottery is equivalent (under ) to a …rst order lottery. Furthermore,
can be represented by an expected utility functional, EU : L ! R, which takes the form
P
EU (L) = ni=1 pi u (xi ) ,
(1.2)

where u (xi ) is the utility of the outcome xi and (x1 ; p1 ; x2 ; p2 ; :::; xn ; pn ) is the …rst order
lottery equivalent to L. Thus, L1 L2 , EU (L1 ) EU (L2 ). A key axiom used in the
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derivation of (1.2) is the independence axiom.
De…nition 1 (Independence axiom): Suppose that is a preference relation de…ned over
the set of lotteries. Then for all lotteries L1 , L2 , L, and all p 2 [0; 1], L1
L2 ,
(L1 ; p; L; 1 p) (L2 ; p; L; 1 p) :
The independence axiom is often violated by the evidence. Alternatives to EU mainly
relax this axiom. Two main features of EU stand out. (1) There is additive separability
across outcomes. (2) The objective function is linear in probabilities. Most alternatives to
EU relax the second feature, i.e., linearity in probabilities.
Suppose that the decision maker weights outcome xi with the weight i . Suppose that
in place of (1.2) we have
P
V (L) = ni=1 i u (xi ) .
(1.3)

Clearly, (1.2) is the special case of (1.3) with i = pi . Early generalizations of EU took
i to be a function of pi . However, it is well known that such a point transformation
of objective probabilities can lead the decision maker to choose stochastically dominated
options (violation of monotonicity) even when such dominance is obvious (see, e.g., [39]).

2. Stylized facts on non-linear weighting of probabilities
Based on the brief discussion so far, we summarize two stylized facts, S1, S2.
S1 Evidence suggests that decision makers weight probabilities in a non-linear manner.
In particular, the evidence suggests that decision makers overweight low probabilities
and underweight high probabilities (inverse S-shaped probability weighting).
S2. Non-linear point transformation of probabilities,
ity even when such violation is obvious.

i

=

i

(pi ), can violate monotonic-

A third stylized fact of at least equal signi…cance but that has received relatively less
attention in theoretical work is the following.
S3. For events close to the boundary of the probability interval, [0; 1], extensive empirical
evidence suggests that decision makers (i) ignore events of extremely low probability
and (ii) treat extremely high probability events as certain. In contrast to S1, S3
applies only to very low and very high probabilities.
We emphasize that we are not making a case for ditching S1. Indeed S1 is a robust
empirical …nding that allows one to resolve many important problems and puzzles in the
literature. However, S1, in the absence of S3, leads to severe problems for theory in
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explaining facts concerning events with probabilities close to the endpoints of the probability interval [0; 1]. Indeed [2], [3] and [15] show that the set of such problems is large,
and economically important. Hence, we make the case for a class of probability weighting
functions that simultaneously incorporates both S1 and S3. Furthermore, our own view is
that one cannot argue that either S1 or S3 is more important than the other.
S1 and S2 are well documented; see [20], [39] and Appendix A in [43]. However, S3 is
less well documented and theoretical work that incorporates it explicitly and formally has
only just begun to appear. We now brie‡y review the evidence for S3.

3. Evidence for S3
In their Noble prize winning work on prospect theory (PT), [21] were acutely aware of S3
and they explicitly choose to emphasize it’s salience. In PT, there is a psychologically-rich
editing phase followed by an evaluation/decision phase; the latter uses a rule of the form
(1.3). From our perspective, the most critical aspect of the editing phase arises when
decision makers decide which extreme probability events to ignore. This is re‡ected in the
manner that (p) is drawn by [21]; see Figure 3.1.

Figure 3.1: Ignorance at the endpoints. Source: [21], p. 283.

[21] wrote the following (p. 282-83) to cogently summarize the evidence on the endpoints of the probability interval [0; 1]. “The sharp drops or apparent discontinuities of
(p) at the end-points are consistent with the notion that there is a limit to how small
a decision weight can be attached to an event, if it is given any weight at all. A similar
quantum of doubt could impose an upper limit on any decision weight that is less than
unity... On the other hand, the simpli…cation of prospects can lead the individual to discard
events of extremely low probability and to treat events of extremely high probability as if they
were certain. Because people are limited in their ability to comprehend and evaluate extreme
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probabilities, highly unlikely events are either ignored or overweighted, and the di¤erence
between high probability and certainty is either neglected or exaggerated. Consequently (p)
is not well-behaved near the end-points.”
[2], [3] and [15] review evidence strongly supportive of the claim of [21], from many
disparate contexts. We now draw on these papers to brie‡y, and selectively, summarize
the evidence.
3.1. Insurance for low probability events
The insurance industry is of tremendous economic importance. Yet, despite impressive
progress, existing theoretical models are unable to explain the stylized facts on the takeup of insurance for low probability events. The seminal study by [24] provides striking
evidence of individuals buying inadequate, non-mandatory, insurance against low probability events (e.g., earthquake, ‡ood and hurricane damage in areas prone to these hazards).
EU predicts that a risk-averse decision maker facing an actuarially fair premium will,
in the absence of transactions costs, buy full insurance for all probabilities, however small.
To test this prediction, [24] (chapter 7) presented subjects with varying potential losses
with various probabilities, keeping the expected value of the loss constant. Subjects faced
actuarially fair, unfair or subsidized premiums. In each case, they found that there is
a point below which the take-up of insurance drops dramatically, as the probability of
the loss decreases (and as the magnitude of the loss increases, keeping the expected loss
constant). These results were shown to be robust to a very large number of perturbations
and factors that include generous government incentives to reduce premiums to below
market rates, controlling for moral hazard etc.; see [3] for the details.
Arrow’s own reading of the evidence in [24] summarized in the foreword to [24] is
that: Obviously in some sense it is right that he or she [the insuree] be less aware of
low probability events, other things being equal; but it does appear from the data that the
sensitivity goes down too rapidly as the probability decreases.
[24] write: “Based on these results, we hypothesize that most homeowners in hazardprone areas have not even considered how they would recover should they su¤er ‡ood or
earthquake damage. Rather they treat such events as having a probability of occurrence
su¢ ciently low to permit them to ignore the consequences.” These results are borne out
from further testing by [12] who conclude that: “Individuals seem to buy insurance only
when the probability of risk is above a threshold ...” This behavior is in close conformity
to the observations of [21] outlined above.
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3.2. The Becker paradox
A celebrated result due to [8] and known as the Becker proposition states that the most
e¢ cient way to deter a crime is to impose the ‘severest possible penalty with the lowest
possible probability’. By reducing the probability of detection and conviction, society can
economize on the costs of enforcement such as policing and trial costs. But by increasing the severity of the punishment (e.g., …nes) the deterrence e¤ect of the punishment is
maintained. Indeed, under EU, risk neutrality or risk aversion, and allowing for in…nitely
severe punishments, the Becker proposition implies that crime would be deterred completely, however small the probability of detection and conviction. Risk seeking behavior
is not su¢ cient to overturn the Becker proposition either; see [15]. The Becker proposition
is sometimes phrased as it is e¢ cient to hang o¤enders with probability zero. Empirical
evidence, summarized in [15], however, is not supportive of the Becker proposition. This,
we call as the Becker paradox.
Remark 1 : It is shown in [15], in detail, that 9 explanations that have been seriously
proposed in the literature cannot explain the Becker paradox. These explanations include
the following. Risk seeking behavior on the part of o¤enders, the ability to avoid severe
…nes by declaring bankruptcy, the need for di¤erential punishments, type-I and type-II
errors in conviction, rent seeking behavior in the presence of severe punishments, abhorrence of severe punishments, objectives other than deterrence, non-availability of severe
punishments, and the psychological traits of o¤enders.
The behavior of decision makers for low probability events is critical to understanding
the Becker paradox. [15] show that if the probability weighting function respects stylized
fact S1 but not S3, then the Becker paradox survives even under RDU and CP. However,
once one allows for a probability weighting function that respects both stylized facts S1,
S3, then in conjunction with the reference point feature of CP, [15] show that the Becker
paradox is easily resolved. Indeed S3, turns out to be necessary condition for the resolution
of the Becker paradox (and related paradoxes, see Remark 2. below).
Remark 2 : The Becker paradox is a general paradox that applies to all situations where
a decision maker is not deterred from some act, a, that would result in almost in…nite
punishment with small probability. In each of these cases, and under plausible assumptions
on risk attitudes, EU predicts that the decision maker will be dissuaded from the act a.
Under RDU and CP the standard probability weighting functions respect S1 but not S3.
This acts to dissuade the decision maker even more powerfully from the act a, as compared
to EU. Hence, as [2], [3], [15] show formally, standard theories with non-linear weights
make the Becker paradox even worse. Furthermore, they show that the simultaneous
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incorporation of S1 and S3 into the same probability weighting function is a necessary
condition for solving the class of Becker paradoxes. In the remaining part of this section
we consider more examples of the Becker paradox. These include evidence from jumping
red tra¢ c lights, driving and talking on mobile phones, seat belt usage, and the take-up
of breast cancer examinations.
3.3. Evidence from jumping red tra¢ c lights
In running red lights there is a small probability of an accident. However, the consequences
are self in‡icted and potentially have in…nite costs. This act is, therefore, like the act a in
Remark 2, above. Rephrased, running red tra¢ c lights is similar to hanging oneself with
a very small probability, which is similar to the Becker proposition.
It is estimated in [7] that there are approximately 260,000 accidents per year in the
USA caused by red-light running with implied costs of car repair alone of the order of $520
million per year. Using Israeli data, [5] calculated that the expected gain from jumping
one red tra¢ c is, at most, one minute (the length of a typical light cycle). Given the
known probabilities they …nd that: “If a slight injury causes a loss greater or equal to 0.9
days, a risk neutral person will be deterred by that risk alone. However, the corresponding
numbers for the additional risks of serious and fatal injuries are 13.9 days and 69.4 days
respectively”. To this must be added other costs arising from an accident. It stretches
plausibility to assume that these are simply mistakes.
[5], [6], [7] provide near decisive evidence that the alternative explanations listed in
Remark 1 for the Becker paradox, above, cannot explain the decision to run red tra¢ c
lights. It is quite clear, that several of those explanations do not work because the punishment is self-in‡icted; see [15] for a detailed discussion. A far more natural explanation
is that the probability of an accident is low enough for stylized fact S3 to apply for many
people. Thus, red tra¢ c light running is simply caused by some individuals ignoring (or
seriously underweighting) the very low probability of an accident. The bimodal perception
of risk (see section 10 below) then ensures that a fraction of the drivers do not run tra¢ c
lights. If the probability weighting function incorporates S1 but not S3, then we should
not observe any red tra¢ c light running at all (see Remark 2 above), which is contrary to
the evidence.
3.4. Driving and talking on car mobile phones
Consider the usage of mobile phones by drivers in moving vehicles. Such an individual
faces potentially in…nite punishment (e.g., loss of one’s and/or the family’s life) with low
probability, in the event of an accident. The Becker proposition applied to this situation
would suggest that drivers of vehicles will not use mobile phones while driving or perhaps
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use hands-free phones, and so, avoid the self in‡icted punishment. Yet, evidence suggest
that drivers use mobile phones in moving vehicles (see [31], [36]), hence, this problem
belongs to the general class of problems in the Becker paradox (see Remark 2 above).
Evidence also suggests that hands free phone equipment does not o¤er signi…cantly more
safety. A natural explanation of this class of problems is that individuals simply ignore or
substantially underweight the low probability of an accident caused by driving and talking
on mobile phones, as in stylized fact S3.
3.5. Other examples
People were reluctant to employ seat belts prior to their mandatory use despite publicly
available evidence that seat belts can make the di¤erence between surviving and dying
in a car crash, or simply that they provide better safety. Prior to 1985, in the US, only
10-20% of motorists wore seat belts voluntarily, hence, denying themselves self-insurance;
see [45]. Potentially fatal car accidents may be perceived by individuals as low probability
events, particularly if they are overcon…dent of their driving abilities. Overcon…dence is
supported from a wide range of contexts; see for instance [2]. Reluctance to wear seat
belts can, thus, be seen to be a special case of the general Becker paradox outlined in
Remark 2 above, which requires the use of stylized fact S3 as a necessary condition for an
explanation.
Even as evidence accumulated about the dangers of breast cancer (which has a low
unconditional probability but fatal consequences) women took up the o¤er of breast cancer
examination, only sparingly. In the US, this only changed after the greatly publicized
events of the mastectomies of Betty Ford and Happy Rockefeller; see [24] (p. xiii, p. 1314). It is immediate that this too is a special case of the Becker paradox that requires an
incorporation of S3 for its resolution.
3.6. Conclusion from these disparate contexts
[2], [3] and [15] draw two main conclusion from the evidence.
1. Human behavior for very low probability events cannot easily be explained by the
existing mainstream theoretical models of risk. EU and the associated auxiliary
assumptions are unable to explain the stylized facts. Furthermore, the leading nonexpected utility alternatives such as rank dependent utility (RDU), and cumulative
prospect theory (CP) make the problem even worse for those events where stylized
fact S3 has bite. Prospect theory (PT) on the other hand is able to account for
S1 and S3, however, it’s treatment of S3 is at an informal/ heuristic level only; see
particularly the criticisms in [10].
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2. A natural explanation for these phenomena seems to be that individuals simply
ignore or seriously underweight very low probability events (stylized fact S3).

4. Probability weighting functions (PWF)
Stylized facts S1, S2, S3 would seem, at least to us, to be the minimum requirements that
a theory of risk should address. Most alternatives to EU that use non-linear weighting of
probabilities, such as RDU, PT, CP invoke the concept of a probability weighting function
(PWF) to incorporate stylized facts S1 and S2. None of these theories can incorporate all
three stylized facts S1,S2,S3. We examine below emerging work due to [2], [3], [15] who
propose composite cumulative prospect theory (CCP) that successfully addresses all three
stylized facts S1, S2, S3.
Remark 3 A PWF, by itself, is not a theory of risk. It needs to be embedded within
the framework of a decision theory, say, RDU, PT, CP for it to have signi…cant predictive
content in concrete economic situations.
De…nition 2 (Probability weighting function, PWF): By a PWF we mean a strictly inonto
creasing function w(p) : [0; 1] ! [0; 1].
A simple proof, that we omit, can be used to demonstrate the following properties of
a PWF; see [2] for the proofs.
Proposition 1 : A probability weighting function has the following properties:
(a) w (0) = 0, w (1) = 1. (b) w has a unique inverse, w 1 , and w 1 is also a strictly
increasing function from [0; 1] onto [0; 1]. (c) w and w 1 are continuous.
De…nition 3 : The function, w(p), (a) in…nitely-overweights in…nitesimal probabilities, if
lim w(p)
= 1, and (b) in…nitely-underweights near-one probabilities, if lim 1 1w(p)
= 1.
p
p

p!0

p!1

De…nition 4 : The function, w(p), (a) zero-underweights in…nitesimal probabilities, if
lim w(p)
= 0, and (b) zero-overweights near-one probabilities, if lim 1 1w(p)
= 0.
p
p
p!0

p!1

De…nition 5 : (a) w(p) …nitely-overweights in…nitesimal probabilities, if lim w(p)
2 (1; 1),
p
p!0

and (b) w(p) …nitely-underweights near-one probabilities, if

lim 1 w(p)
p!1 1 p

2 (1; 1).

De…nition 6 : (a) w(p) positively-underweights in…nitesimal probabilities, if lim w(p)
2
p
p!0

(0; 1), and (b) w(p) positively-overweights near-one probabilities, if
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lim 1 w(p)
p!1 1 p

2 (0; 1).

Some single parameter PWF’s are: [13], [19], [22], [28], [35], [37]. Among the twoparameter PWF’s are those by [17], [18], [25], [30], [34], [42]. The Prelec (1998) function
appears to be the one with the strongest empirical support. To quote from [41], p.102:
“the most predictive version of [cumulative prospect theory] has a power value curve, a
single parameter risky weighting function due to [30] and a Logit stochastic process.” It
was also the …rst axiomatically derived PWF.
De…nition 7 ([30]): By the Prelec function we mean the PWF w(p) : [0; 1] ! [0; 1] given
by
w (0) = 0, w (1) = 1,
(4.1)
w (p) = e

(

ln p)

,0<p

1,

> 0,

(4.2)

> 0.

De…nition 8 : By the standard Prelec function we mean the Prelec function (De…nition
7) with < 1.
The following Proposition can be easily checked.
Proposition 2 : The Prelec function (De…nition 7) is a probability weighting function in
the sense of De…nition 2.
0:5

We plot the Prelec PWF in Figure 4.1; this is a plot of w (p) = e ( ln p) , i.e., = 1
and = 0:5. Since < 1, the Prelec function plotted in Figure 4.1 is, in fact, a standard
Prelec function (De…nition 8).
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Figure 4.1: A plot of the Prelec (1988) function, w (p) = e

(

1

ln p) 2

.

The parameter controls the convexity/concavity of the Prelec function. Between the
region of strict convexity (w00 > 0) and the region of strict concavity (w00 < 0), there is a
point of in‡exion (w00 = 0). The parameter in the Prelec function controls the location
of the in‡exion point relative to the 450 line. Sometimes, the respective roles of and
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are also referred to as the curvature and elevation properties of a PWF; see [18] and
[23]. Not all PWF’s allow for a clear separation between curvature and elevation. This is
particularly the case for PWF’s that involve one parameter rather than two parameters.
The full set of possibilities for the Prelec PWF, for di¤erent combinations of ; is
established in [2]. A simple proof leads to the following result.
Proposition 3 ([2]): (a) For < 1 the Prelec function, i.e., the standard Prelec function
(De…nitions 7, 8): (i) is inverse-S shaped, (ii) in…nitely-overweights in…nitesimal prob= 1, and (iii) in…nitely underweights near-one probabilities, i.e.,
abilities, i.e., lim w(p)
p
p!0

lim 1 1w(p)
= 1.
p

p!1

(b) For
> 1 the Prelec function: (i) is S shaped, (ii) zero-underweights in…nitesimal probabilities, i.e., lim w(p)
= 0, and (iii) zero-overweights near-one probabilities, i.e.,
p
p!0

lim 1 w(p)
p!1 1 p

= 0.

According to [30], p.505, the in…nite limits in Proposition 3(a) capture the qualitative
change as we move from certainty to probability and from impossibility to improbability.
On the other hand, they contradict stylized fact S3, i.e., the observed behavior that people
ignore events of very low probability and treat very high probability events as certain.
These speci…c problems are avoided for > 1. However, for > 1, the Prelec function is
S-shaped. This, however,
is in con‡ict with stylized fact S1.
Remark 4 (Standard probability weighting functions): A large number of probability
weighting functions have been proposed, e.g., those by [18], [25], [30] (with < 1, i.e., the
standard Prelec function), [34], [42]. They all overweight in…nitesimal probabilities. We
shall call these the standard probability weighting functions. All these functions violate
stylized fact S3.
4.1. Axiomatic derivations of Prelec’s PWF
Here, we overview three derivations of Prelec’s function: [30], based on compound invariance, [26] based on reduction invariance and [4] based on power invariance.
We assume here that 0 2 X, the set of outcomes, and we shall restrict ourselves to the
special class of lotteries de…ned as follows.
De…nition 9 : Let S
L be the subset of all lotteries of the forms (x), (x; p1 ),
((x; p1 ) ; p2 ) and (((x; p1 ) ; p2 ) ; p3 ), where x 2 X and p1 ; p2 ; p3 2 [0; 1].
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To simplify notation, we shall refer to ((x; p1 ) ; p2 ) and (((x; p1 ) ; p2 ) ; p3 ) by (x; p1 ; p2 )
and (x; p1 ; p2 ; p3 ), respectively. Thus, (x) is the lottery whose outcome is x for sure,
(x; p1 ) is the lottery whose outcomes are x with probability p1 and 0 with probability
1 p1 , (x; p1 ; p2 ) is the lottery whose outcomes are (x; p1 ) with probability p2 and 0 with
probability 1 p2 and (x; p1 ; p2 ; p3 ) is the lottery whose outcomes are (x; p1 ; p2 ) with
probability p3 and 0 with probability 1 p3 .
Given a strictly increasing function, u : X ! R, and a PWF, w, we can extend u to a
function, U : S ! R, by the following de…nition.
De…nition 10 : U (x) = u (x), U (x; p1 ) = w (p1 ) U (x), U (x; p1 ; p2 ) = w (p2 ) U (x; p1 )
and U (x; p1 ; p2 ; p3 ) = w (p3 ) U (x; p1 ; p2 ).
De…nition 11 : Let
be the order on S induced by U , i.e., for all L1 ; L2 2 S, L1
L2 , U (L1 ) U (L2 ).
De…nition 12 ([30]): The preference relation, , satis…es compound invariance if, for all
outcomes x, y, x0 , y 0 2 X, probabilities p, q, r, s 2 [0; 1] and integers n 1, the following
holds. If (x; p) (y; q) and (x; r) (y; s), then (x0 ; pn ) (y 0 ; q n ) implies (x0 ; rn ) (y 0 ; sn ).
De…nition 13 ([26]): The preference relation, , satis…es reduction invariance if, for all
outcomes x 2 X, probabilities p1 ; p2 ; q 2 [0; 1] and
2 f2; 3g: (x; p1 ; p2 )
(x; q) )
x; q .
x; p1 ; p2
De…nition 14 ([4]): The preference relation, , satis…es power invariance if, for all outcomes x 2 X, probabilities p; q 2 [0; 1] and 2 f2; 3g: (x; p; p) (x; q) ) x; p ; p
x; q and (x; p; p; p) (x; q) ) x; p ; p ; p
x; q .
It is easy to check that for w (p) = p (i.e., the EU case) compound invariance, reduction
invariance and power invariance are all satis…ed. Hence, each of these constitutes a
weakening (or generalization) of EU.
Proposition 4 ([4]): A PWF, w, is the Prelec PWF if, and only if, the induced preference
relation, , satis…es either compound invariance, reduction invariance or power invariance.
From Proposition 4, all three axioms, compound invariance, reduction invariance and
power invariance are equivalent.

5. Addressing stylized fact S1
Addressing stylized fact S1 requires a probability weighting function that is inverse-S
shaped, i.e., one that overweights low probabilities and underweights high probabilities.
All the standard probability weighting functions have this feature. In particular, this is
true for the Prelec probability weighting function if < 1, i.e., what we called the standard
Prelec function (Proposition 3(a)).
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6. Addressing stylized fact S2
There are two main ways of addressing S2. Either one uses rank dependent expected utility
theory (RDU) or cumulative prospect theory (CP). Quiggen’s main insight in [32], [33] was
that it is not individual probabilities that should be transformed (which gave rise to the
violation of monotonicity reported in S2) but, rather, cumulative probabilities. When EU
is applied to the transformed cumulative probabilities we get what is now known as RDU.
In RDU, the decision maker uses (1.3) with the decision weights generated as follows.
De…nition 15 : Consider the lottery (x1 ; p1 ; x2 ; p2 ; :::; xn ; pn ), where x1 < x2 < ::: < xn .
Let w be the PWF. For RDU, the decision weights, i , are de…ned as follows.
n = w (pn ),
w (pn ),
n 1 = w (pn 1 + pn )
:::
n
w nj=i+1 pj ,
i = w
j=i pj
:::
n
w nj=2 pj = w (1) w nj=2 pj = 1 w nj=2 pj .
1 = w
j=1 pj
From De…nition 15, we get that,
j

0 and

Pn

j=1

j

= 1.

(6.1)

Proposition 5 ([1], [32]): A decision maker who uses RDU, never chooses stochastically
dominated options (i.e., does not violate monotonicity). In other words, for a RDU decision
maker there is no problem with explaining S2.
A result analogous to that in Proposition 5 also holds for the case of cumulative prospect
theory (CP); see [27], [42] and [40]. In CP, the domain of outcomes is split into the domain
of gains and the domain of losses by expressing each outcome relative to some reference
point. We note here that the decision weights across the domain of gains and losses under
CP do not necessarily add up to 1. This contrasts with the case of RDU, in which there
is no conception of di¤erent domains of gains and losses, so the decision weights add
up to one. Since CP uses the cumulative weighting machinery from RDU, the following
Proposition holds.
Proposition 6 : A decision maker who uses CP does not chooses stochastically dominated
options. Hence, CP can address stylized fact S2.
The PWF plays an important role in determining a rich set of attitudes towards risk
under CP. Under EU, attitudes to risk are determined purely by the curvature of the
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utility function. Under CP, however, the utility function is concave in the domain of gains
and convex in the domain of losses (see, [21]). Hence, it might be tempting to conclude
that under CP the decision maker is risk averse in the domain of gains and risk loving in
the domain of losses. This is not true because of the role played by the interaction of the
PWF and the curvature of the utility function under CP, in determining attitudes to risk.
The following four-fold pattern of risk preferences can be show under CP; see [20]. The
decision maker is risk loving for small probabilities in the domain of gains and non-small
probabilities in the domain of losses. He/she is also risk averse for non-small probabilities
in the domain of gains and small probabilities in the domain of losses.

7. Addressing stylized fact S3
While RDU and CP in conjunction with, say, the standard Prelec function (De…nitions 7,
8), are able to explain S1 and S2, they are unable to address stylized fact S3.
[2] make the ambitious proposal of combining the psychological-richness of PT (in
accounting for S3 in the editing phase) with the more satisfactory cumulative transformation of probabilities in CP. They combine PT and CP into a single theory, that they call
composite cumulative prospect theory (CCP), which essentially combines the editing and
decision phases of PT into a single phase, while retaining cumulative transformations of
probability, as in CP. CCP successfully accounts for all three stylized facts S1, S2 and S3.
It can explain everything that RDU and CP can, but the reverse is false.
An immediate implication of Proposition 3(a) is that the standard Prelec function
( < 1) can explain S1 but not S3. From Proposition 3(b), we know that for > 1, the
Prelec function is S-shaped, which explains S3 but contradicts S1. In order to explain S1,
S2, S3 using CCP, [2] introduce a modi…cation to the Prelec PWF in a manner that is
consistent with the empirical evidence. They eliminate the discontinuities at the end-points
in Figure 3.1 with empirically-founded as well as axiomatically-founded behavior. They
call their suggested modi…cation as composite Prelec weighting function (CPF). Figure 7.1
sketches the general shape of CPF.
In Figure 7.1, decision makers heavily underweight very low probabilities in the range
[0; p1 ]. Decision makers who use the weighting function in Figure 7.1 would ignore very low
probability events by assigning low subjective weights to them. Hence, in conformity with
the evidence (see [2], [3] and [15]) they are unlikely to be dissuaded from ‘low-probability
high-punishment’ crimes, reluctant to buy insurance for very low probability events, reluctant to wear seat belts, reluctant to participate in voluntary breast screening programs,
willing to run red tra¢ c lights and so on. For an even fuller description of behavior that
accounts for the observed pattern of heterogeneity one would need to incorporate further
considerations such as those in section 10, above.
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Figure 7.1: The composite Prelec weighting function (CPF).

In the probability range [p3 ; 1], events are overweighted as suggested by [21], p.282-83.
In the middle segment, p 2 [p1 ; p3 ], the PWF is similar to the Prelec function with < 1,
i.e., a standard Prelec function and so successfully addresses S1.
For examples of the CPF, …tted to actual data, see [2], [3]. Due to space limitations we
restrict ourselves to a brief, formal, description of the CPF. This implements the general
shape of the CPF in Figure 7.1. De…ne,
p=e

1
0
0

; p=e

1
1
1

:

(7.1)

Essentially, the CPF in Figure 7.1 is described by segments from three di¤erent Prelec
PWF’s. The …rst is de…ned over the range 0 p p, the second over the range p < p p,
and the third is de…ned over the range p < p 1. The choice of p and p will guarantee
that the three segments are joined continuously.
De…nition 16 ([2]): By the composite Prelec
PWF w : [0; 1] ! [0; 1] given by
8
0
>
>
< e 0 ( ln p) 0
w (p) =
e ( ln p)
>
>
:
1
e 1 ( ln p)
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weighting function (CPF) we mean the

if
if
if
if

p=0
0<p p
p<p p
p<p 1

(7.2)

where p and p are given by (7.1) and
0<

< 1,

> 0;

0

> 1,

0

> 0;

1

> 1,

1

> 0;

0

0
1

< 1=

1

,

1

> 1=

1
1

1

.

(7.3)

Note the following. The …rst segment (0 p p) of the CPF is identical to the Prelec
0
function e 0 ( ln p) , which is S-shaped because 0 > 1. The second segment (p < p p)
is identical to the standard Prelec function e ( ln p) , which is inverse-S shaped because
< 1. The third, and …nal, segment of the CPF (p < p
1) is identical to the Prelec
1
(
ln
p)
function e 1
, which is S-shaped because 1 > 1.
Proposition 7 ([2]): The composite Prelec function, CPF, is a PWF.
De…ne p1 , p2 , p3 that correspond to the notation used for the general shape of a CPF
in Figure 7.1.
p1 = e

1
0

1
0 1

1
, p2 = e ( )

1

1

, p3 = e

1
1

1
1 1

:

(7.4)

Proposition 8 ([2]): (a) p1 < p < p2 < p < p3 . (b) p 2 (0; p1 ) ) w (p) < p. (c)
p 2 (p1 ; p2 ) ) w (p) > p. (d) p 2 (p2 ; p3 ) ) w (p) < p. (e) p 2 (p3 ; 1) ) w (p) > p.
By Proposition 7, the CPF in (7.2), (7.3) is a PWF in the sense of De…nition 2. By
Proposition 8, a CPF overweights low probabilities, i.e., those in the range (p1 ; p2 ), and
underweights high probabilities, i.e., those in the range (p2 ; p3 ). Thus, it accounts for
stylized fact S1. But, in addition, and unlike all the standard PWF’s, it underweights
probabilities near zero, i.e., those in the range (0; p1 ), and overweights probabilities close
to one, i.e., those in the range (p3 ; 1) as required in S3.
Proposition 9 ([2]): The CPF (7.2):
(a) zero-underweights in…nitesimal probabilities, i.e., lim w(p)
= 0 (De…nition 4a),
p
p!0

(b) zero-overweights near-one probabilities, i.e., lim 1 1w(p)
= 0 (De…nition 4b).
p
p!1

Remark 5 (Axiomatic foundations of CPF-I) The axiomatic foundations for the CPF in
[2] rely on the axiom of local power invariance. This axiom, in turn, is a modi…cation of
the axiom of power invariance used in [4] to axiomatically derive the Prelec PWF.
Remark 6 (Axiomatic foundations of CPF-II) Several axiomatizations of RDU allow for
additive separability between terms that multiply utility with probability weights; see [1],
[43], [44]. These axiomatizations are discussed elsewhere in the Encyclopedia (see section
3.1.1) and lie outside the scope of this entry. However, [1], [44] assume increasing PWF’s,
thus, CPF is consistent with them. In order to ensure concavity or convexity of the
weighting function, these contributions introduce additional global auxiliary conditions
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such as probabilistic risk aversion. See in particular, [43] who allows for a preference
axiomatization of convex capacities. This allows for a weighting function that is either
concave or convex throughout, hence, these cannot, simultaneously address stylized facts
S1, S3. [14] introduce local conditions that allows for probabilistic risk aversion to vary
over the probability interval [0; 1]. For one set of parameter values, they can address S1 (in
= 1) while for the complementary set of parameter values, they can
which case lim w(p)
p
p!0

address S3 (in which case lim w(p)
= 0). However, their proposal does not simultaneously
p
p!0

address S1 and S2.
Remark 7 (Axiomatic foundations of CPF-III) An advantage of the axiomatization of
CPF by [2] is that from the class of all increasing PWF’s, which is an assumption made
in all axiomatizations, they choose a particular parametric member, the CPF. Thus, the
CPF (and the associated axiomatization that relies on local power invariance) allows for a
sharper prediction which turns out to be consistent with the evidence. Therefore, relative
to the other axiomatizations, the work by [2] addresses the further question “what extra
axioms are needed to get more speci…c (and, hence, more predictive) PWF’s?”
De…nition 17 ([2]): Otherwise standard CP, when combined with a CPF is called composite cumulative prospect theory (CCP). Analogously, otherwise standard RDU, when
combined with a CPF, is referred to as composite rank dependent utility (CRDU).
[2] prove the following proposition, whose intuition would by now be largely clear to
the reader from our discussion of the CPF. Because probabilities in the middle ranges
are weighted as in [30], stylized fact S1 is explained. Because cumulative transformations
of probability are undertaken in CCP and CRDU, S2 is explained. And because of the
property of the CPF in Proposition 9, S3 is explained.
Proposition 10 ([2]): CCP and CRDU can explain S1, S2 and S3.
[11] shows that the St. Petersburg paradox re-emerges under CP. [2] show that the
St. Petersburg paradox can be resolved under CCP mainly through the role played by
the CPF. [34] also propose a PWF that resolves the St. Petersburg paradox but it cannot
explain stylized fact S3.
In comparison to CRDU, CCP, in addition, incorporates reference dependence, loss
aversion and richer attitudes towards risk. Hence, it can explain everything that CRDU
can, but the converse is false. Furthermore, because CCP explains S1, S2 and S3, while
CP (and RDU) can only explain S1, S2, CCP can explain everything that CP (and RDU)
can, but the converse is false. In light of these observations it is interesting to note the
observation in [29] that “RDU is currently the most popular decision theory under risk.”
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8. The Allais paradox under CP and CCP
Consider the Allais paradox as a common consequence e¤ect. We omit a discussion of the
common ratio form, as similar comments apply in that case. Consider the following two
pairs of lotteries where outcomes are presented relative to the status quo (so the reference
point is zero):
a1 = (1; 1) ; a2 = (0; 0:01; 1; 0:89; 5; 0:1)
(8.1)
a3 = (0; 0:89; 1; 0:11); a4 = (0; 0:9; 5; 0:10).

(8.2)

Allais (1953) conjectured that decision makers would prefer a1 over a2 , while at the same
time preferring a4 over a3 (this conjecture has been con…rmed by a large number of experiments). As is well known, this pattern of preferences is violated under EU (on account
of a violation of the independence axiom). Notice that all outcomes in the lotteries in
(8.1), (8.2) are in the domain of gains. Let the utility function be of the usual power form,
u(x) = x , with = 0:88 as suggested by the experimental data; see [42]. Then, under
CP (and also CCP), the stated pattern of preferences implies the following:
a1

a2 , 10:88 > [w(0:89 + 0:1)
a4

w(0:1)] 10:88 + w(0:01)50:88

a3 , w(0:1)50:88 > w(0:11)10:88

(8.3)
(8.4)

Suppose that under CP, the weighting function is the Prelec function with parameters
0:5
= 0:5 and = 1 so, w(p) = e ( ln p) . Thus, we can rewrite (8.3), (8.4) as:
h
i
0:5
0:5
a1 a2 , 10:88 > e ( ln 0:99)
e ( ln 0:1)
10:88 + w(0:01)50:88
(8.5)

which is true.

a4

a3 , e

(

ln 0:1)0:5 0:88

5

>e

(

ln 0:11)0:5 0:88

1

(8.6)

which is also true. Hence, under CP, non-linear weighting of probabilities allows for an
explanation of the Allais paradox (in the common consequence e¤ect form) that could not
be explained under EU.
Remark 8 : Can the Allais paradox (in the common consequence and common ratio
e¤ects forms) also be explained under CCP? From De…nition 16 and equation (7.2), we
know that over the probability range p; p , CPF and CCP are identical. Hence, for
lotteries that only have probabilities in the interval p; p both theories make identical
predictions. The intuition is that these probabilities are su¢ ciently non-extreme that only
stylized fact S1 has any bite. Stylized fact S3 has bite only if probabilities lie outside the
range p; p , say, in the two extreme probability intervals [0; p1 ] and [p3 ; 1] (see Figure 7.1,
de…nition 16 and equation (7.2)). In these two intervals, di¤erent segments of the Prelec
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function apply (because the CPF is made up of 3 di¤erent segments of a Prelec function)
and one simply needs to alter the relevant values of ; in inequalities such as (8.5), (8.6)
above and recheck them.
In the light of Remark 8, it becomes important to compute p; p. In an ideal world one
would obtain data from the relevant context and problem in order to elicit the values p; p.
Here, we rely on the computation made by [2] of these values based on data in [24]. From
two separate sets of data, the farm and the urn experiments, respectively, [2] derive the
following two sets of values for the range p; p : (0:05; 0:95] and (0:25; 0:75].
The probabilities involved in the two comparisons in (8.5), (8.6) are 0:33; 0:34 and 0:99.
The last of these probabilities lies outside the upper limit of both ranges (0:05; 0:95] and
(0:25; 0:75]. This does not a¤ect the comparison in (8.6) but does a¤ect the comparison in
(8.5). For the urn and the farm experiments, [2] show that the respective values of ( ; )
for the upper segment of the Prelec function in the CPF are (2; 6:4808) and (2; 86:081).
We now apply these values to the comparison in (8.5), sequentially, for the urn and farm
experiments.
h
i
2
0:5
U rn : a1 a2 , 10:88 > e 6:4808( ln 0:99)
e ( ln 0:1)
10:88 + w(0:01)50:88
which is true.

F arm : a1

h
a2 , 10:88 > e

86:081(

ln 0:99)2

e

(

ln 0:1)0:5

i

10:88 + w(0:01)50:88

which is also true.
Hence, the Allais paradox in common consequence e¤ect form also holds true for CCP
when we use a CPF that is …tted to the data in [24]. We emphasize that we have not
provided a proof that the Allais paradox will necessarily hold under CCP for all parameter
values. Ideally one should have experimental data for the particular situation and then
proceed along the lines of Remark 8 to check the resolution of the paradox.

9. A comparison of CCP with con…gural weights models
We now compare CCP with the class of con…gural weight models, which are reviewed
elsewhere in the Encyclopedia (see section 3.1.1). So we shall be brief and keep references
to a minimum. The interested reader can directly consult [10] for an exhaustive set of
references and a recent survey of these models.
Con…gural weight models, like several other alternatives to EU, non-linearly weight
probabilities of outcomes. In these models, one …rst writes down the decision tree corresponding to the problem. Consider some lottery, L, that has n possible consequences
that arise from the di¤erent branches of the tree, ordered as, xn xn 1 ::: x2 x1
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with associated probabilities pn ; pn 1 ; :::; p2 ; p1 . Outcome xj is then said to have rank j,
j = 1; 2; :::; n (One could use the convention x1
x2
::: xn 1
xn but in this case
th
the rank of the j number in the list (counting from the left) will be n j).
9.1. The rank a¤ected multiplicative weights model (RAM)
Using equation (7) in [10], in the rank a¤ected multiplicative weights model (RAM), the
utility of lottery, L, is given by:
Pn
i=1 a(i; n; s)t(pi )u(xi )
RAM (L) = P
(9.1)
n
j=1 a(j; n; s)t(pj )
Indices i; j denote the rank of the outcome (de…ned above). s is the augmented sign of
the branch’s consequence (positive, zero or negative). t(p) is an increasing function of p,
that typically takes the form
t(p) = p ; 0 < < 1:
(9.2)
The utility function u(x) typically takes the power form:
u(x) = x ; 0 <

(9.3)

< 1:

a(i; n; s) is the rank and sign augmented branch weight corresponding to the outcome
that has rank i. For two branch gambles, e.g., the lottery L = (0; 0:5; 100; 0:5), the branch
corresponding to the lower outcome ($0) is associated with a = 2 and the higher outcome
is associated with a = 1. For m branch gambles, such that m
3 the weights are
simply the ranks of the outcomes for that branch. For example, for the set of of outcomes,
xm xm 1 ::: x1 the weights (the a0 s) are m, m 1, m 2,...,1. Thus, lower outcomes
are given higher weights, which is one of the main features of the model.
From (9.1) the weight associated with outcome xi is:
a(i; n; s)t(pi )
.
w(pi ) = Pn
j=1 a(j; n; s)t(pj )

Using (9.2), this can be written as:

1

w(pi ) =
1+

P

a(j;n;s)
j6=i a(i;n;s)

pj
pi

:

(9.4)

From (9.4) w(0) = 1 and w(1) < 1: So this does not satisfy the assumptions of a PWF. In
particular, from (9.4):
w(pi )
1
=
P a(j;n;s) :
pi
pi + j6=i
pj
a(i;n;s)
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Since a(i; n; s) is non-zero and

a(j;n;s)
a(i;n;s)

is …nite, so

w(pi )
1
= P a(j;n;s) ;
pi !0 p
pj
i
j6=i
lim

a(i;n;s)

which is …nite. Hence, extremely low probabilities are not ignored, which contradicts
stylized fact S3.
9.2. Transfer of attention in exchange (TAX) models
In the transfer of attention in exchange models (TAX), the decision maker is assumed to
possess a …xed amount of limited attention. Due to this, the decision maker transfers
weight from higher ranked to lower ranked outcomes. Consider a three-branch lottery, L,
given by L = (x1 ; p1 ; x2 ; p2 ; x3 ; p3 ). Then, from equation (9) in [10] we get that the utility
of this lottery to the decision maker under TAX is given by
T AX(L) =

w1 u(x1 ) + w2 u(x2 ) + w3 u(x3 )
;
w1 + w2 + w3

(9.5)

where,
w1 = t(p1 )

2
t(p1 ); w2 = t(p2 )
4

1
1
1
1
t(p2 ) + t(p1 ); w3 = t(p3 ) + t(p1 ) + t(p2 ). (9.6)
4
4
4
4

t(p) continues to be given in (9.2) and > 0 is some constant. In this version of the TAX
model, also known as the special TAX model, one transfers a …xed amount of probability
weight from a higher outcome, proportionately, to lower outcomes. Thus, w1 + w2 + w3 =
t(p1 ) + t(p2 ) + t(p3 ). From w1 in (9.6) it follows that the weight on the highest outcome,
x1 , is reduced by 42 t(p1 ) and each of the lower two outcomes gains one half of this weight.
Similarly, the middle ranked outcome, x2 , looses weight 41 t(p2 ) which is gained by the
worse outcome, x3 .
From (9.6), (9.2) we can compute the ratio of weights to probabilities as:
w1
=1
p1

1 w2
=1
;
2 p2

1
+
4

p1
p2

;

w3
1
=1+
p3
4

p1
p3

+

1
4

p2
p3

.

We assume that 0 <
2 so that all weights are positive. There are three possibilities. (1)
p1 is the lowest probability. (2) p2 is the lowest probability. (3) p3 is the lowest probability.
Since t(p) is given in (9.2), it follows that in these three cases, respectively
w1
=1
p1 !0 p1
lim

1
w2
w3
2 (0; 1]; lim
= 1; lim
= 1:
p2 !0 p2
p3 !0 p3
2

From (9.7), we see again that stylized fact S3 is violated for this class of theories.
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(9.7)

9.3. The gains decomposition utility (GDU) model
This model is set out as equations (10)-(12) in [10]. The idea is to reduce multi-branch
lotteries to simple, two branch, lotteries. For instance, consider the binary lottery L2 =
(x1 ; p; x2 ; 1 p) such that x1
x2 . Then, under the gains decomposition utility model
(GDU), the utility of this binary lottery is:
GDU (x1 ; p; x2 ) = w(p)u(x1 ) + (1

w(p)) u(x2 ).

(9.8)

Notice that the decision weights are formed exactly as under RDU. Three-branch lotteries
such as L3 = (x1 ; p1 ; x2 ; p2 ; x3 ; p3 ) are then evaluated as follows. First, a choice is made
between the lowest outcome x3 and the binary lottery that comprises of the remaining two
outcomes. Probabilities are renormalized so that they add up to one in the binary lottery.
In other words, L3 is treated as:
L3 =

x1 ;

p1
; x2 ; 1
p1 + p2

p1
p1 + p2

; x3 ; 1

p1

p2

, L3 = (L2 ; p1 + p2 ; x3 ; 1

p1

p2 ) :

(9.9)
Thus, L3 is transformed into a binary lottery which can be evaluated using (9.8) as follows
GDU (L3 ) = w(p1 + p2 )GDU

x1 ;

p1
; x2
p1 + p2

+ [1

w(p1 + p2 )] u(x3 ):

In terms of the weighting of outcomes this is exactly like RDU. The weighting functions
used in this theory are the standard weighting function (e.g., the standard Prelec function
= 1 and, so, stylized fact S3 cannot be addressed by
is used by [10]). Thus, limp!0 w(p)
p
this theory either.
Remark 9 : A great deal of the di¤erences in prediction between CP (and by implication,
CCP) and the con…gural weights models arise in the case of event splitting; see [10]. This
occurs when there are two identical outcomes in a lottery. However, for the examples listed
in section 3, event splitting does not occur; see [2], [3], [15].
Remark 10 : For lotteries of the form (x; p; y; 1 p), where x < 0 < y, [10] reports that
CP and TAX give close results. So, for TAX to be di¤erent, we need lotteries with, at
least, three outcomes. More generally, it is di¢ cult to distinguish between CP and TAX
within the probability triangle. These observations are important. First, they show that
where CP is successful (the experiments reported by [21], [42] and, more generally, events
that can be represented in the probability triangle), TAX is also successful. But for the
“new” paradoxes, [10] argues that TAX succeeds where CP fails. In many applications
that involve use of stylized fact S3, con…gural weights models are likely to fail as do EU,
RDU, and CP, while CCP is likely to succeed in these cases. In these cases, the con…gural
weights models can bene…t by incorporating stylized fact S3 through using a composite
Prelec PWF.
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10. A possible formalization of the bimodal perception of risk
There is evidence of a bimodal perception of risks; see [12]. For the evidence, see [38].
Some individuals focus more on the probability while others on the size of the loss. The
former do not pay attention to losses that fall below a certain probability threshold, while
for the latter, the size of the loss is relatively more salient. Hence, S3 applies particularly
to the former set of individuals.
In line with the evidence on bimodal perception of risks, one might envisage a het= 0 holds while
erogenous population such that for a fraction of the population, lim w(p)
p
p!0

for others

lim w(p)
p!0 p

= 1, holds. For the former set of individuals the size of the loss is

salient because they place extremely high probability weights on it (even for very low
probabilities) while for the latter, the magnitude of the probability is the key salient feature. One could also imagine that the former set of individuals use the Prelec weighting
function while the latter set uses the CPF. This would then explain, for instance, why the
Becker proposition holds for some individuals and not others or why some individuals will
buy insurance against low probability hazards while others won’t. Hence, this framework
provides one possible underpinning to the empirical evidence on bimodal perception of
risks.
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