EC3070 FINANCIAL DERIVATIVES

Exercise 1

1. A credit card company charges an annual interest rate of 15%, which is effective only
if the interest on the outstanding debts is paid in monthly instalments. Otherwise, the
interest charges are compounded with the borrowings. What would be the effective
annual rate of interest if £Q) are borrowed at the beginning of the year and repaid with
interest at the end of the year?

Answer. Interest is charged each month on the outstanding loan at the rate of 15/12 =
1.25%. Therefore, after one year, the total amount that must be repaid is

$Q(1+ 0.0125)* = $Q1.161,

which gives an effective annual rate of interest of 16%.
Using log tables, I compute (1 + 0.0125)1? as

Antilog{12 x log(1.0125)} = Antilog{12 x 0.0054}
= Antilog{0.0640} = 0.0159,
which gives 16% approximately. (In fact, for this calculation, four-figure base-10 logarithms

are insufficiently accurate.) The alternative is to enter 1.0125 in your calculator to do the
multiplication twelve times over.
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stephenpollock
Note
I see that log(1.01) = 0.0043.I need to find the log of 1.0125 but the tables give only four-figure accuracy. I can obtain an approximation by interpolation. Thus

log(1.012) =  0.0043 + 0.0009 = 0.0052
log(1.013) =  0.0043 + 0.0013 = 0.0055

So  log(1.0125) = 0.0054  approximately
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Note
antilog(0.0640) = 1.159


EC3070 Exercise 1

2. How long will it take to double your investment if you receive an annual rate of interest
of 5% and if the interest is compounded with the principal?

Answer. The equation to be solved is
(I47)" =2
where r = 0.05 is the rate of interest. The solution, using log tables, is

I log2  log2  0.3010
~log(1+7) log(1.05)  0.0212

= 14.2,

which is confirmed by my computer. My calculator tells me that 1.05'° = 2.0789



The Natural Number

The natural number e. The number e = {2.7183 ...} is defined by

e = tim(n —o0) (1+1)

n

The binomial expansion indicates that

(a+b)" =a"™ +na™ b+ n

nn = D0 =2) s,

3!
Using this, we get
) +
_|_

R O R

n(n — 13)!(77, _ 2) (E)

Taking limits as n — oo of each term of the expansion gives

¥ . 1”_1 1 1 1
im(n — o0) +ﬁ =0l F+2'+3

w S|

e



The Natural Number

The expansion of e¢”. There is also

1\"*
e’ = lim(p — o0) (1 + —>
p

= lim(n — o0) <1—|—£> ;N = px.
n

Using the binomial expansion in the same way as before, it can be shown that

330 i 5172 ,CU3

e :a+ﬁ+§‘|—§+"'.

Also
vt _ q ; At A A
e’ =1+4+xt+ o + 3l + .-
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3. With reference to the relevant Taylor-series expansions, demonstrate the following ap-
proximations

In(1+x) ~ =, e’ ~ 1+,

which are valid when x is small. Calculate the value of n in question 2 using the relevant
approximation in the denominator.

Answer. Observe that, in this case, we must work with natural logarithms as opposed to
base-10 logarithms. The calculation is as follows:

In 2 In 2

~ = 13.86.
In(1+7r) T

n —




Geometric Progression
The Expansion of (1 —x)™!

The simplest of all power series expansions is that of the geometric progression:

— 14+ +23 4244+,

1l —=x

There are various way of achieving this expansion, including by the use of Taylor’s theorem.
Another way is by the method of detached coefficients.
We assume that (1 —2)7! = {ag + a1z + asx® + - - -}, and we rewrite this equation as

1={1—:17}{040+04133—|—a2:v2+~-}.

Then, by performing the multiplication on the RHS, and by equating the coefficients of the
same powers of x on the two sides of the equation, we find that

120507 040217
O:Oél—()éo, &1:04():1,
02042—041, 042:()41:1,

0=a, —a,_1, oy = Opy—1 = 1.



Geometric Progression

Another way of achieving the expansion is by long division:

l+x+x?+---
1—q;> 1
1l —=x
x
x —x?
2
22 _ 3

The Sum of a Geometric Progression

We can also proceed in the opposite direction. That is to say, we can evaluate S =
{1+x+2*+ -} toshow that S = (1 —x)~!. The calculation is as follows:
S=1+z+z°+-
rS=  x+az*+--
S—z5=1.

Then S(1 — z) = 1 immediately implies that S = 1/(1 — ).



Geometric Progression

The Partial Sum of a Geometric Progression

There is also a formula for the partial sum of the first n terms of the series, which is
S, =14z 4+ -4+ 2" 1. Consider the following subtraction:

xS = A

S—z"S=14+z+---+2" 1

This shows that S(1 — z™) = S,,, whence

1 —2z"
Sn = :
" 1—x
Example. An annuity is a sequence of regular payments, made once a year, until the

end of the nth year. Usually, such an annuity may be sold to another holder; and, almost
invariably, its outstanding value can be redeemed from the institution which has contracted
to make the payments. There is clearly a need to determine the present value of the annuity
if it is to be sold or redeemed. The principle which is applied for this purpose is that of
discounting.



Geometric Progression

Imagine that a sum of £A is invested for one year at an annual rate of interest of
r x 100%. At the end the year, the principal sum is returned together with the interest via
a payment of £(1+1r)A. A straightforward conclusion is that £(1 4 r)A to be paid one year
hence has the value of £A paid today. By the same token, £A to be paid one year hence
has a present value of

A = AJ, where 0 =

— is the discount rate.
1+7r 1+7r

v

It follows that £A to be paid two years hence has a present value of £Ad§%. More generally,
if the sum of £A is to be paid n years hence, then it is worth £A40™ today.
The present value of an annuity of £7A to be paid for the next n years is therefore

Vn:AT(5+52+”"|—5n):AT5(1—|—5—|—---—|—5n_1)

1 —9o" 0

:Arél_(S = A(1—0"), since T 5=

T.

If the principal sum is to be repaid at the end of the nth year, then the present value of the

contract will be
A(1 =90") + Ad" = A,

which is precisely equal to the value of the sum that is to be invested.



EC3070 Exercise 1

4. Using the expression x = e¥ = 107, find a formula that will enable you to convert
between log, x and log;y z, commonly denoted by log xz and In z, respectively—the latter
being described as a natural logarithm or a Naperian logarithm.

Answer. Here, there are y = log,(x) and z = log;y(x). By taking natural logarithms of the
equation x = e¥ = 10%, we get

y =log, () = z x log.(10) = log,,(z) x log(10)
Also, observe that
10 = elos:(10) implies log,3(10) = 1 =log,(10) x log;y(e).

Therefore,
_ logyg (z)

log, ()
— and logq(x) = =
logqo(e) 10()

log, () = Tog,(10)°



ARTIST: Sam Cooke, TITLE: Wonderful World (Don’t Know Much)

Don’t know much about history
Don’t know much biology
Don’t know much about a science book
Don’t know much about the French I took
But I do know that I love you
And I know that if you love me too
What a wonderful world this would be

Don’t know much about geography
Don’t know much trigonometry
Don’t know much about algebra

Don’t know what a slide rule is for

But I know that one and one is two

And if this one could be with you

What a wonderful world this would be

Now, I don’t claim to be an “A” student
But I'm trying to be
For maybe by being an “A” student baby
I can win your love for me



Calculation on a slide rule
Basic Slide Rule Instructions

To multiply two numbers on a typical slide rule, the user marks one of the factors on the
upper C' scale. (In this case, it is 16.6). The second factor is marked on the lower D scale
(In this case, it is 42.2). Then, the upper scale is slid forwards until its starting value of unity
is aligned with the point on the lower scale marking the second factor. The point which is
reached on the lower scale by the mark on the upper scale corresponds to the product of the
two factors (700). By these means, the user effectively adds the logs (lengths) of the two
numbers and finds the antilog of the sum.

¥ 16.6.
'._

-~ 1 e s s 2 3
Llll,—l-'-*-E [ 2 382
| A I l | —T T
D 1223858785, 2a52g 4, & & 7 8 © 1
x‘x, M
-~ l'.l =
44,4 ~ T0O0

A calculation on a slide rule showing that 42.2 x 16.6 = 700



EC3070 FINANCIAL DERIVATIVES

5. Let S,, = 1+ 7r 4+ 7%+ .-+ "1 which is a partial sum of n terms of an geometric
progression. Show that S, + ™ = 1 4+ rS,, and thence derive an expression of S,, in
terms of r.

Answer. By rearranging the given expression, we get S,(1 —r) =1 —r", whence

1 —r"
S, = )
1 —r




EC3070 Exercise 1

6. Annual payments of £M must be made over a period of n years to redeem a mortgage.
The present value of this stream of payments is

M(§+ 8%+ -+ ).

where § = (1 + r)~! is the rate of discount and r is the rate of interest. The present
value of the stream of payments must equate to the value L of the loan.

If the loan was for £150,000 and the rate of interest was fixed at 5% for the entire
period, what should be the size of the annual payment in order to redeem the loan in
20 year’s time?

Answer. The present value of the payments is

M5(1+5+52+---+6"1):M5(1:g ) =L,

whence
l=0 _ "=
o(1 — o) v —1

with L = 150,000, n = 20 and 1 + r = 1.05, we find that M = 12, 036.

M =1L where y=61=1+r.
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