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ABSTRACT. I analyse the optimal contracting behaviour of an employer who faces workers
with different, incorrect beliefs about their own productivity. While the literature has focused
mostly on the exploitative (when the principal knows agents’ types, Eliaz and Spiegler, 2006)
and speculative (when the principal has priors on agents’ types, Eliaz and Spiegler, 2008)
aspects of contracts, I introduce the assumption that workers’ naiveté depends on their ac-
tual productivity level. The employer uses this information to form posteriors on agents’
productivity and design more efficient contracts. In particular, I highlight the employer’s
trade-off between exploiting strongly naive workers and designing efficient contracts for the
most widespread type of worker, according to her posteriors.

JEL Classification: D42 D82 D84 D86 J41
Keywords: Self-Awareness, Naiveté, Contract, Screening, Non-Common Priors, Mechanism De-
sign, Multidimensional Types.

1. Introduction

I study a two period principal-agent model where agents are hired in period 1
to carry out a task in period 2. Before facing the task they are assigned to, how-
ever, agents have limited information about their true type and they are assumed
to form biased (wrong) beliefs about it in period 1 — i.e., they are naive. The main
contribution of the paper is to study the optimal contracting behavior of the prin-
cipal when workers’ beliefs depend on their true type — that is, when naiveté is
type-dependent. In equilibrium, in period 1, the principal screens among workers
with different beliefs, to take advantage of this extra information, and form poste-
riors on workers’ productivity. This allows her to design contracts that are more
efficient than when the agents’ beliefs are independent from their types, and can
exploit agents to a greater degree.

When facing a new task, individuals form expectations about their own ability
to carry it out, and about the amount of effort required. Typically, individuals are
assumed always to hold unbiased beliefs about their abilities. Often, however, this
is not the case. From the workman estimating the time to build a wall to the athlete
who forms expectations about the amount of effort to achieve a specific goal, the
final result is not always the one expected. In economics we often assume that
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such “errors” result from specific realisations of random variables either side of
the unbiased expectation.

However, estimations can be distorted by one’s wrong perception of the situa-
tion, or by one’s firm beliefs that turn out to be inconsistent with reality. Economics
deals with these kinds of situation with the concept of naiveté (Strotz, 1956), that
is, the inability of an individual to form unbiased expectations about an unknown
event. In other words, the systematic over- or underestimation of the realisation
of a random variable.

In this paper, I investigate situations where the level of naiveté of an individual
depends on his own innate ability. In particular, I study workers who have system-
atically wrong (naive) beliefs about their own productivity, which is the realisation
of a random variable. Differently from the existing literature — described in sec-
tion 2 — I make the novel assumption that workers’ naiveté depends on their own
ability (their type). On the other hand, the employer, who is perfectly unbiased,
designs contracts to hire the workers and can exploit their naiveté.” Besides a sur-
plus extraction motive, in order to maximise profits, she is interested in using this
information in order to design more efficient contracts.

While it is perfectly reasonable to assume that ability and beliefs are independent
— Eliaz and Spiegler (2006, 2008) — it is often the case that this assumption is
violated. To illustrate this idea, consider the following example.

Suppose a population of high school students is about to enrol in university, and
each student has to choose the right course for him or her. Suppose further that
the population can be divided into good students and bad students. All students
are unaware of their true ability to succeed at university level until they actually
face the lectures, tutorials and coursework. Hence, they form expectations about
it and choose their course accordingly. Once they start their courses, they under-
stand their true ability and choose the level of effort to exert before facing the
exams. While it may be perfectly reasonable to assume that the student’s expec-
tations are independent from their true ability, here students’ expectation’s bias
derives from their innate capabilities. Hence, for example, one can think of the
case where good students are naturally more self-confident and self-aware, while
bad students are shy and insecure. The former will therefore pick a much more
challenging course and succeed, while the latter will pick a less demanding course
in order to achieve success. At the other end of the spectrum is the case where

The assumption about the employer having unbiased belief can be thought has her having more
experience, or knowing better the suitability of the workers population for the specific job she is
hiring for. Ultimately, dropping this assumption simply changes the interpretation of the model,
but not its results.
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ability makes a student aware of the difficulties and complexities of university, gen-
erating a pessimistic feeling about his ability to succeed. Hence, a good student
would pick a relatively less challenging course and perform strongly beyond his
expectations. A bad student, on the other hand, may misunderstand or underesti-
mate the challenges of university and sign up for a relatively difficult course, failing
and eventually dropping out of school.

The main message of the paper lies in the importance of the employers’ posteri-
ors. General results of the literature on diversely naive agents (Eliaz and Spiegler,
2006, 2008) emphasise the ability of a principal to take advantage of agents’ bi-
ased beliefs by achieving the “efficient” outcome at a lower cost, relatively to when
agents have unbiased beliefs or are fully informed. This efficiency, however, is
achieved in the states of nature that the principal deems more probable than the
agent, according to her priors. While in my paper this result still stands for a
portion of the parameter space, it fails to hold more generally, because of the prin-
cipal’s updating of her priors.

The employer designs contracts that, first, screen among differently naive agents
in period 1 and, second, screen among different types of agents in period 2. The
key contribution of the paper is owed to the updating of the principal’s prior from
period 1 to period 2. Given the screening of period 1, the employer updates her
beliefs according to the correlation between workers’ beliefs and abilities. This
originates a trade-off for her: to design efficient contracts either for the most naive
types, or for the ones she deems most probable given her posteriors. The main
result of the paper is to show how the efficiency of optimal contracts changes given
this new trade-off. In particular, I show how the principal may find it optimal to
design efficient contracts for the type she deems most probable according to her
updated beliefs, regardiess of the type’s naiveté.

The paper is organised as follows. In section 2 I present the related literature. In
section 3 I explain the model and the assumptions. In section 4 I study the case of
perfect correlation between naiveté and agents’ types. I then relax this assumption
and study the general case in section 5. I conclude the paper in section 6. All the
proofs of Lemmas, Results and Propositions are relegated to the Appendix.

2. Related Literature

Extensive experimental evidence motivates the main assumption behind this
work. A first set of papers (among others: Svenson, 1981; Chi, Glaser, and Rees,
1982; Dunning and Kruger, 1999; Dunning, Ehrlinger, Johnson, and Kruger, 2003;
Banner, Dunning, Ehrlinger, Kerri, and Kruger, 2008) show that the skills needed to
evaluate competence in a specific domain are exactly the same required to engen-
der this competence. Hence, individuals without such skills would find it relatively
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hard to estimate their own competence correctly. Building on these findings, a
second set of papers (Dittrich, Guth, and Marciejovsky, 2005; Banks, Lawson, and
Logvin, 2007; Moore and Healy, 2008; Ferraro, 2010) present further experimen-
tal evidence on the positive correlation between competence and self-awareness.
Finally, a third set of papers (Lichtenstein, Fischoff, and Phillips, 1982; Loewen-
stein, O’'Donoghue, and Rabin, 2003; Conlin, O’'Donoghue, and Vogelsang, 2007)
focuses on the concept of “over-confidence” and projection-bias providing strong
experimental evidence on the bias of individual’s expectations.’

The contributions listed above highlight two main facts: (i) individuals are not
perfectly capable of estimating their own skills and (ii) often their estimation of
their capabilities depend on the same skills they are trying to evaluate. To date,
the economics literature has dealt with these facts only separately.

Sequential screening of consumers who do not know their true valuation of a
good was studied by Courty and Li (2000). They propose a model where agents hold
unbiased beliefs about their type, but the precision of their estimation depends on
their type itself. In line with the results of this paper, Courty and Li (2000) find that
optimal contract design depends on the “informativeness” of initial knowledge of
agents rather than on the principal’s priors. Differently from the present work,
however, they assume non-naive agents — i.e. agents of unbiased expectations —
leaving no space for exploitation. On the contrary, the optimal mechanism features
“refund contracts”, that grant agents the option to claim a refund after they learn
their true willingness to pay. In recent years, the model of Courty and Li (2000) has
been extended and applied. Among others, Kovac and Krahmer (2013) study se-
quential delegation, Deb and Said (2015) study the case of a principal with limited
commitment power, Evans and Reiche (2015) relax the commitment assumption
completely, Grubb (2015) applies the model to the cellular phone service market.

Self-awareness and naiveté were first introduced by Strotz (1956) and applied in
contract theory later on. O’Donoghue and Rabin (2001), Asheim (2007) and Hei-
dhues and Koszegi (2010) (among others) study the interaction between naiveté
and self-control, modeled as present-biased preferences. Amador, Werning, and
Angeletos (2006) analyse the trade-off faced by a multi-self agent who is aware
of his time-inconsistency problems, but is not aware of his true preferences until

3Less related, Bagues and Perez-Villadoniga (2012) show that these findings extend to the estima-
tion of other people’s skills as well. They use evidence from a field experiment to show how re-
cruiters prefer to hire applicants with capabilities to their own. One of the proposed explanations
is that evaluators’ accuracy is higher when evaluating those dimensions in which their knowledge
is greater.
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later periods. Gilpatric (2008) studies the problem of moral hazard in the presence
of naivé agents with time-inconsistent preferences.*

The papers that most relate to this one are Eliaz and Spiegler (2006) and Eliaz
and Spiegler (2008). In both papers, time-inconsistent agents differ in their level
of naiveté, with some of them being perfectly self-aware. In Eliaz and Spiegler
(2006), the employer has full information about consumers’ preferences. The op-
timal menu provides a commitment device for self-aware agents, who would like
to play according to their present preferences, as opposed to their future prefer-
ences. Relatively naive agents, instead, are exploited because of their inability to
correctly estimate their actual type. In Eliaz and Spiegler (2008), the authors ex-
tend the model to one where the employer has priors over consumers’ preferences-
change. Hence, two screening processes take place, exactly as in this paper. The
first screening separates differently self-aware agents; the second separates with
respect to their preferences. In both papers, however, agents’ beliefs and types
are assumed to be independent.

My model builds on these contributions to study situations where types (or pref-
erences) affect agents’ beliefs. My results bridge the findings of screening models
with diversely naive agents (as in Eliaz and Spiegler, 2006, 2008) with the ones of
sequential screening (as in Courty and Li, 2000), providing a new perspective on
the connections between these two literatures.

3. The Model

An employer (the principal, she) seeks to hire a worker (the agent, he) from a
population. Workers are hired in period 1 and asked to complete an individual
task in period 2. The outcome of the task depends on the level of effort e € [0, 1]
a worker exerts then. I assume that the level of effort exerted by the worker is
perfectly observable.’

To hire workers, the employer, in period 1, offers a set of contracts w(e) : [0, 1] —
R that each worker can either accept or reject. When a worker accepts a contract
in period 1, and exerts effort e in exchange for wage w(e) in period 2, the employer
enjoys profits IT = y(e) — w(e), where y(e) is increasing and concave in e.

When a worker accepts the contract, he enjoys utility U; = w(e) —0;e, where 0; is
the cost of effort and represents a worker’s productivity type. Finally, if a worker
rejects a contract, both he and the employer obtain zero utility/profits.

Further, but less related, is Von Thadden and Zhao (2012) that study a classical principal agent
model where agents do not know their action space until a later stage.

5Extending the model to a moral hazard framework where ¢ is partially, or not at all, observable, is
left for future research.



The population of workers is composed of a portion \ of productive types, who
have 0; = 0p, and a portion (1 — \) of unproductive types, who have 6; = 6, > 0p.

The first main assumption of the paper is that in period 1 neither the employer
nor the workers are aware of a worker’s productivity type. While the employer
forms unbiased expectation, however, workers have biased heterogeneous beliefs
about themselves, that is, they are naive. Given this, the employer’s expectation
about a worker’s utility is given by F(0) = \Up+ (1 — \)Uy. A worker’s belief about
his own utility, instead, depends on his belief type. A worker can be optimistic or
pessimistic about his true productivity. In the first case, the agent believes himself
to be a productive type with probability ¢ > A, that is Pr{¢;, = 6p} = ¢. In the
second case, he believes himself to be a productive type with probability § < A, that
is Pr{6; = 0p} = 6. Ani-belief type expects his productivity to be E; = i0p+(1—1)0y,
i = {¢,d}. Notice that an agent is considered optimistic (pessimistic) with respect
to the average of the population and not with respect to his actual productivity.

The second main assumption of the paper, and the one that constitutes the main
departure from the literature, states that a worker’s beliefs and productivity are
not independent. Here, I assume that the distribution of belief types is conditional
on a worker’s true productivity. In particular, there is a proportion pp (py) of pes-
simistic types among productive (unproductive) workers. Hence, the employer has
priors: pp = Pr{d|0 = 6p} and py = Pr{d|0 = 0y }. This allows her to update her
priors on a worker’s productivity when she knows his belief type.

Workers update their prior only when they face the task. In period 2, they learn
their true productivity before choosing the level of effort to exert.

Given the assumptions above, the employer faces two different connected screen-
ing problems. In period 1 she wants to separate workers according to their belief
type. This allows her to update her priors in period 2 and separate workers on
the basis of their productivity type. Notice that the employer and the agents have
always different beliefs throughout the game. In period 1, the employer forms
unbiased expectations, while workers rely on their naive beliefs. In period 2, the
employer updates her priors given the separation of period 1, while workers learn
their true productivity and behave as fully informed agents. This implies that the
maximisation problem the employer solves is subject to period 1 constraints, that
depend on workers’ belief type, and period 2 constraints that depend on workers’
true productivity type.

Before stating the problem formally, I define (w?, e/) = (w;(e!), /) as the wage and
effort level that a worker of i-belief type and j-productivity type chooses in period
2. Notice that workers’ utility depends only on the level of effort they choose (or
believe they will choose) in period 2, and that once they sign a contract they are
constrained to carry out the task — i.e. there is no individual rationality constraint
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in period 2. Therefore, I can restrict my attention, without loss of generality, to
four effort levels, and the corresponding wages set by the employer: e, ef, eJ, .

Given this, the employer solves:
max E(1T) (1)

{w]}izs.6,j=PU

s.t.  Es(Uj(ws(e))) >0, (IRys)
Ey(Uj(wy(e))) =0, (IRy)
Es(Uj(ws(e))) = Es(Us(wy(e))), (LCs)
Ey(Uj(wg(e))) = Ey(Uj(ws(e))), (IC)

Up(wy ,e5) > Up(wg , €5, (ICPpys)
Uy(wy s e5) > Un(wy, e5), (1Cuys)
Up<w(1;,€§) > Up(wg,eg), (ICpy)
UU(wg, eg) > UU(wg,eg). (ICy.)

She maximizes her expected profits with respect to two different contracts: ws =
{(w§',e5), (w§,ef)} and wy, = {(w},e}), (wy,ey)}. These contracts induce separa-
tion among belief types in period 1 and among productivity types in period 2. In
order to achieve this, the contracts have to satisfy eight different constraints.

The first two are period 1 individual rationality constraints that ensure that each
belief type is willing to accept the contract designed for him as opposed to his out-
side option. The second two are period 1 incentive compatibility constraints that
induce separation among belief types. Notice that since these four constraints re-
late to period 1, they are expressed in expected utility terms, and the expectations
are weighted by workers’ beliefs.

The last two pairs of constraints are “contract specific” period 2 incentive com-
patibility constraints. They ensure that belief type i, once he has self-selected in
period 1 and learned his true productivity in period 2, chooses the wage/effort
pair designed for him. Hence, they are expressed in the actual utility the worker
obtains.

Notice that the principal does not have to satisfy any period 2 individual ratio-
nality constraint since it is assumed that workers cannot “drop out” of the contract
once it has been signed in period 1.

In the next sections, I solve the problem for the optimal set of contracts offered
by the employer. I do this under different assumptions about the level of informa-
tion obtained by knowing a worker’s belief type. I start with the case of perfect



8

correlation between the two type dimensions, i.e. when beliefs are perfectly infor-
mative about workers’ productivity, so that separation in period 1 perfectly reveals
the agent’s productivity.

Before doing that, however, in order to better express the results, let me define
the concepts of exploitation and efficiency, in line with the existing literature’s
terminology.

Definition 1 (Exploitation). A worker of i-belief type and j-productivity type is
exploited if

w! —0,e] <0.
That is, he is exploited if he accepts a contract w;(e) that a fully informed agent of
his same productivity type would not accept.

The concept of exploitation was first introduced in Eliaz and Spiegler (2006). It
generally applies to a situation where a principal takes advantage of an agent’s
naiveté in order to extract surplus from him beyond the limits of the IR. In the
context of this paper, a worker may be exploited not because he does not know his
true ability (although they do not), but rather because he has systematically wrong
beliefs about it.

Secondly, I define efficient levels of effort as the values of e that equate marginal
product to workers’ productivity.®

Definition 2 (Efficient Effort). A worker of i-belief type and j-productivity type
exerts efficient effort if
el -y (e]) = 0;.

That is, if at ¢! the marginal product of effort equals the worker’s productivity,.

Given this, a contract w;(e) may induce either productive or unproductive work-
ers (or both) to exert efficient levels of effort. Hence, the definition of efficiency at
the top and at the bottom:

Definition 3 (Top vs. Bottom Efficiency). A contract w;(e) features efficiency at
the top if it induces productive workers to exert the efficient level of effort, i.e.
el : y/(ef) = Op. It features efficiency at the bottom if it induces unproductive

)

workers to exert the efficient level of effort, i.e. e/ : y/ (V) = 0y.

4. Perfectly Informative Beliefs

In this section, I study the case where knowing a worker’s belief perfectly re-
veals his productivity type. This scenario requires that pp and py belong to {0, 1}

6These are the effort levels exerted when agents are uninformed about their true type, but are not
naive (Harris and Raviv, 1979; Laffont and Martimort, 2002).
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and pp+py = 1. That is, either all productive workers are optimistic, and all unpro-
ductive workers are pessimistic, or vice-versa. If all workers, regardless of their
productivity, were pessimistic (or optimistic) then no information could be learned
by knowing their beliefs.

The first result shows that separation in period 1 is not affected by the extent,
or direction, of belief-productivity correlation. This is because, at this stage, the
employer has only a prior on workers’ belief types and cannot exploit the corre-
lation between beliefs and productivity. The next Lemma identifies the binding
constraints of period 1.

Lemma 1 (Period 1 Screening). Regardless of the correlation between naiveté and
productivity, the period 1 constraints are such that:

(1) (IRs) binds while (IR,) is slack.
(i) (ICy) binds while (IC5) is slack.

Lemma 1 presents findings similar to a classical screening model. In this case,
the optimistic type plays the role of the “high type” while the pessimistic type
the role of the “low type”. To see this, notice that what determines period 1’s
type ranking — high vs. low — is not worker’s actual productivity, but rather their
subjective expectations about it. Therefore, optimistic (pessimistic) workers play
the role of the high (low) type in the population. As in classical screening problems,
optimistic workers’ IR is slack as is the IC' of pessimistic types.

Notice, also, that the employer’s only purpose of inducing separation in period 1
is to be able to form posteriors on workers’ productivity, since she gains no direct
profits from this separation.

Given the above, and substituting for the expected profits and utilities, the prob-
lem that the employer solves is reduced to:

max A [pP<y(€(ISD) —wyi)+ (1 - pp)(y(ei) - wg];)} +

{wi}j=s,0,i=P,L

+(1 =) [poy(ed) —wi) + (1 = po)(y(eg) —wy)] (2)

s.t. §(wf — Opef)+(1 — §)(wf — el ) =0 (IRs)

S(wy — Opeg) + (1 — ) (wy — Oueg) = d(wy — Opey) + (1 — @) (ws —bueg)  (IC)
wy —wy > 0p(es —e5) (ICps)

wy —wy < Oy(ef —ef) (ICyy)

wh —wl > 0p(ef — ) (ICpy)

wf; - wg < OU(eg - eg). (ICye)
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As expected, period 2 separation depends on the correlation between beliefs
and productivity. The reason for this is that the period 2 /C's are contract specific.
Hence, their relevance depends on the posterior the employer forms on a specific
belief type’s productivity.

I now present the results under two different scenarios of perfect correlation. In
the first scenario, I study positive correlation between beliefs and productivity, that
is, the case of optimistic-productive and pessimistic-unproductive workers. In the
second scenario, I study the opposite case of negative correlation. These scenarios
have both specific features, relevant only in the special case of this section, as well
as more general features revisited in section 5.

4.1. Perfect Positive Correlation. In this section I study the case of pp = 0 and
pu = 1. In this case the only types present in the labour force population are pro-
ductive optimistic, (P, ¢), and unproductive pessimistic, (U, §). While the employer
understands this and behaves accordingly, workers still believe to be part of a pop-
ulation with four different types of workers. That is, they fail to understand that
their beliefs are a perfect indicator of their actual productivity. This creates an
opportunity for the employer to take advantage of workers’ naiveté and exploit
them.

Take the contract for pessimistic workers, for example. The employer sets the
contracts in period 1, when workers are unaware of their true productivity. While
she knows, however, that each pessimistic worker is unproductive, the latter be-
lieves himself to be productive with a positive probability. This creates two “chan-
nels” of exploitation for the employer to use.

First, when facing a contract that extracts full surplus from unproductive types,
a pessimistic unproductive worker expects to obtain positive utility from it. To see
this, consider any contract for pessimistic types that does not separate between
productivity types and offers ws(ey) = 6pyey. In period 1, an unproductive pes-
simistic worker evaluates this contract with Es(U;(ws(e))) = Opel — Es(0)ey > 0.
Given this, the employer can decrease the wage even further, increasing profits,
until the (I Rs) binds. A this point, the worker in period 1 expects to obtain zero util-
ity, while in period 2 he faces the truth and obtains negative utility. He is exploited
through the first channel.

The second channel of exploitation takes place through an “imaginary offer”
(Eliaz and Spiegler, 2008).

Definition 4 (Imaginary Offer). An imaginary offer is a pair (w’,e!) never cho-
sen by any worker in equilibrium, but that workers believe they will choose with
positive probability because of their naiveteé.
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The imaginary offer satisfies incentive compatibility and it is used by the em-
ployer to increase the expected utility of a worker from contract w;(e), while not
increasing the actual utility he obtains. In this section, the imaginary offer in the
contract for the pessimistic worker is set to yield a positive surplus to a productive
type. If it is added to contract ws(e), in fact, the pessimistic worker assigns a pos-
itive probability to the event of choosing it (and of being a productive type). This
increases his expected utility from contract w;(e) and allows the employer to de-
crease the utility given by the “actual offer” even further, increasing exploitation.

To avoid any confusion, notice that imaginary offers do not affect profits directly
but only through workers’ naiveté. In other words, the employer knows that these
offers are never chosen, hence, they are assigned no positive probability in the
expectations of profits. Since workers, however, believe they may choose these of-
fers in period 2 with some positive probability, the equilibrium values of the actual
offers depend on the imaginary offers. Hence, their effect on profits is indirect.

Given the two channels, I define two possible levels of exploitation.

Definition 5 (Mild vs. Strong Exploitation). Exploitation is mild if the employer
does not take advantage of the second channel — i.e. she does not design an
imaginary offer. It is strong if she does so.

In the case of positive perfect correlation between type dimensions, it is straight-
forward to understand that the period 2 binding constraints are (/Cp,) and (/Cy).
This is because they are intended for the only types that actually exist in the popu-
lation. Nevertheless, in order to take advantage of the two channels of exploitation,
(ICy4) and (I/Cps) should still hold.

Hence, when belief and productivity are perfectly positively correlated, the em-
ployer solves:

oy My(ey) —wg) + (1= N)(y(es) — wy) (3)

s.t. §(wf — Opef)+(1 — §)(wy — Opel) =0 (IRs)

o(wy, —Opef) + (1 — @) (wy —bveg) = ¢p(wy —Opes) + (1 — @) (wy —bues)  (ICy)
wy —ws =0y(e; —ef) ({Cuys)

wy —wy = 0Op(ey —¢y) (ICpy)

wh —wY < QU(e(’; —eY) (ICug)

wy —wy > 0p(es —ef). ({Cpys)

First of all, notice that period 2 incentive compatibility for contract w;(e) is pos-
sible as long as (e’ —e¥) > 0. Once again, recall that this incentive compatibility is
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only “imaginary” since there are no workers with different productivity but same
belief type.
Solving the binding constraints for w;’, w§’, w}, w},

ws = Es(0)es +0u(es —e5),
wéj = E6(9)€5 )

0) — Ey(0))es + Ey(0)el,

0) — Ey(0))es + Es(0)eg — Op(eg —ey),

and substituting the relevant solutions in the maximisation, I obtain:

max A (y(ef;) — (BE5(0) — Es(0))ef — E¢(8) Qp(ef; - eg)) +

{e;}jzé,qﬁ:,i:P,L
H(1 =) (yleg) — Es(0)es —Oules —e5)) - (4)

From this new problem, the actually chosen levels of effort ¢/ and ef are easily
calculated to be y/(ef) = 0p and y/(ef) = 6y. Hence, each worker hired exerts
the efficient level of effort for his productivity type. This result is common with
the case of negatively correlated beliefs and productivity, and it is generalised in
Proposition 1 in the next section.

The values of the imaginary offers can also be derived from the maximisation
problem. Starting from the effort level for unproductive optimistic workers, it is
easy to see that the effect of ] on profits is negative. Hence, in equilibrium e} = 0.
The intuition behind this is that the (w},ef) offer is already inducing an efficient
level of effort. Since the agent believes himself to be an unproductive type with
some positive probability, the imaginary action has to require a low level of effort.
In this way, the worker feels “safe” that in case she turns out to be unproductive,
she can always enjoy a small surplus without exerting too much effort; in fact, no
effort at all: e =0.”

The intuition behind the optimal value for e, and its derivation, instead, are
not as straightforward. On the one hand, a lower ¢! for a given w! increases
Es(U;(ws(e))). This relaxes the IR of the pessimistic unproductive worker, and al-
lows the employer to decrease even further the wage paid to this type, increas-
ing profits. On the other hand, this also increases E,(U;(ws(e))), violating the
(IC) of the optimistic productive worker. This forces the employer to increase
E4(Ui(wy(e))) by the same amount, decreasing her profits. Which of these two op-
posite effects prevails, depends on the effect of ¢/’ on (4). If it is positive, ef is set
to the highest possible value, 1. If the effect is negative, ¢! is set to the lowest pos-
sible value. Finally, however, notice that for incentive compatibility to be possible

Es(
w¢> = (Es(

"To see that U 5 > 0 notice that ef’ > 0 as described below. Hence, wj > 0 even if ¢} =0
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— i.e. for (ICys) and ICp;) to hold, ¢’ cannot go below the value of ¢/. Hence,
whether the effect of e/’ on profits is positive or negative does not determine the
“direction” of the imaginary offer, but rather whether the offer exists or not. In
other words, it determines whether the pessimistic worker expects to be screened
or pooled in period 2.

The effect of a decrease in e/ on profits, discussed above, depends on the ratio
of workers’ beliefs, i.e. the overall level of naiveté of the workers population. In
particular, the higher the naiveté of the optimistic productive worker, the more he
believes to be unproductive. Hence, the lower is the positive effect on E(U;(ws(e)))
of a decrease in ¢/’ and the stronger is the second channel of exploitation on him.
This allows the principal to let (/C;) bind again via (v}, ¢}), which does not affect
her profits directly. Similarly, if ¢ is high and the productive type is “self-aware”
— i.e. E4(#) gets closer to ¢p —, (wf,e) has a weaker effect on E,(Us(wg(e))).
Therefore, decreasing ¢} becomes more costly. Hence, for the use of the second
channel to be optimal, the pessimistic unproductive worker has to be naive enough.

The above is summarised in Result 1.

Result 1 (Pooling of Pessimistic Workers). When beliefs and productivity are per-
fectly positively correlated, if the pessimistic unproductive worker is naive enough,
relative to the self-awareness of the optimistic productive worker, that is:

)

— >\ (5)

¢
then the employer uses an imaginary offer (wf, el’) for the unproductive type and
exploitation is strong. If not, the employer uses no imaginary offer and exploitation
is mild.

To fully understand Result 1 consider the following. Notice that the LHS of con-
dition (5) corresponds to the naiveté of pessimistic unproductive workers over the
self-awareness of optimistic productive workers. Hence, it can be interpreted as a
measure of relative workers’ naiveté in the population. The higher it is, the more
the unproductive type believes himself to be productive and the more the produc-
tive worker believes himself to be unproductive. For the condition to hold, the
probability a pessimistic unproductive worker assigns to himself being productive
has to be larger than the proportion of productive workers in the population. When
condition (5) holds, ¢/ = 1 and w} = E5(0) and exploitation is strong.

On the contrary, when condition (5) does not hold, either the optimistic produc-
tive worker is too self-aware or the pessimistic unproductive worker is not naive
enough. The latter’s relative naiveté is lower than the proportion of productive
workers in the population and it is, therefore, too costly to exploit him through the
second channel.
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Given the structure of the contracts described so far, the next Result studies
workers’ welfare.

Result 2 (Exploitation with Perfect Positive Correlation). When beliefs and pro-
ductivity are perfectly positively correlated, productive workers enjoy a positive
rent while unproductive ones are exploited. The rent enjoyed by the former is
larger when exploitation of the latter is strong.

The intuition behind Result 2 follows from the previous discussion. The employer
wants to take advantage of the unproductive worker’s naiveté. Since beliefs and
productivity are positively, perfectly correlated, however, she is forced to leave
some positive surplus to the productive worker. The reason for this lies both in
the difference in beliefs between belief-types and in the way the two channels of
exploitation affect the two contracts.

On the one hand, the first channel cannot be used to extract surplus from the
productive worker. The reason for this is that the latter expects to have a lower
productivity than he actually has: he never accepts a contract that extracts full
surplus from a productive type because he would expect to get a strictly negative
utility from doing so.

On the other hand, the role of the imaginary offer in the contract for the opti-
mistic type is not to extract more surplus from him but rather to provide him with
a form of “insurance”. In other words, it represents a safe option for the optimistic
productive worker to choose in the case he turns out to be unproductive — an
event that he deems possible with positive probability. Hence, the employer has
no ability to exploit productive workers.

Finally, to understand the intuition behind optimistic workers’ surplus, notice
that an optimistic worker always assigns a larger probability to obtaining U} if
he chooses w;(e) than the pessimistic worker. Hence, any change to ws(e) that
increases Ul” keeping Es(U;(ws(e))) constant, increases E4(U;(w;s(e))). For (1Cy) to
bind, therefore, the utility from the contract for the optimistic type has to increase
when the imaginary offer is added to ws(e).

Notice that this is in accordance with the intuition behind (5). The higher is
the general level of naiveté in the labour force population — i.e. (5) holds — the
stronger is the exploitation of the unproductive worker.

4.2. Perfect Negative Correlation. In this section, I study the opposite case to
the one of section 4.1, namely of pp = 1 and py = 0. That is, the case where all
productive workers are pessimistic and all unproductive workers are optimistic.
To understand the framework I have in mind consider the case of a population
of newly graduated students looking for their first job. Grades and degrees can
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explain a lot about knowledge of the topics and intelligence, but when it comes to
innate ability, speed of adaptation, productivity and so on, there is nothing like true
practice to give an indication of one’s capabilities. Suppose that the students have
a degree in financial economics and all look for a job in the financial sector. They
all apply for jobs according only to their expectations about their own productiv-
ity. Once a job is obtained, however, they learn their true productivity and choose
the amount of effort to exert in the job accordingly. Some of the students have a
passion for finance, they read the news, understand the mechanics and complex-
ities of markets and would be perfect for a job in the financial sector (productive
types). Others, instead, have chosen that specific course of study without having a
deep interest in financial markets. Hence, they would be a less perfect match for
a financial firm (unproductive types). In this section, [ assume that understanding
the complexities of the job and the mechanisms of financial markets, without hav-
ing a clear perception of one’s own capability, hurts self-confidence and creates
a general pessimistic feeling about one own’s success in the market (pessimistic
productive workers). A candidate who does not comprehend these complexities,
instead, has a relatively “arrogant” attitude. He is convinced that the job will be
easy (optimistic unproductive workers).

To derive the solution to this problem, it is easy to follow the same procedure of
section 4.1 where now, however, the period 2 binding constraints are (I/Cps) and
(ICy,4). Hence, the problem becomes:

R My(es) —wi) + (1= N (y(eg) — wg) (6)
s.t. S(w! —0pel) + (1 —6)(wl —0pel) =0 (IRs)
d(wy, — Opeg) + (1 — @) (wy — Oueg) = dp(wy — Opes) + (1 — @) (wy —bueg)  (1C,)
wy —wy = Oy(eg — eg) ({Cuy)
wy —ws = 0p(e; —e5) (ICPpys)
wy —wy < fules —ey) (ICus)
wg —wy = Op(ey — eg) (ICpy)
Solving the binding constraints for w;’, v, w}, wf,
w§ = E6(9)€5 , (7)
wt = Es(0)el — 0p(e¥ —eb), (8)
wy = (E5(0) — Eo(0))e§ + Ey(0)eg + uleq — eg), (9)
wy = (E5(0) — Eg(0))e§ + Es(0)eg, (10)
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and substituting the relevant solutions in the maximisation, I obtain:

max  A(y(e) — Es(0)es +0p(es —e5))+

{eé}j:5,¢,i:P,L
(1= M(y(eg) = (E5(0) — Es(0))es — Ey(0)e, — Ouley —ey)). (1)

From the maximisation problem, the chosen levels of effort ¢j’ and e correspond
to y'(ef’) = 0p and y'(e]) = fy. As in section 4.1, all workers exert efficient effort
levels.

Proposition 1 (Full Efficiency). When beliefs and productivity are perfectly cor-
related, full efficiency is always achieved regardless of the direction of the corre-
lation. That is, both productive and unproductive workers choose first-best levels

of effort.

The result follows from the assumption of perfect correlation between beliefs
and productivities.

If workers were naive, but the correlation between beliefs and productivity were
not to be perfect, then even after updating her beliefs, the employer would not be
able to tell precisely the productivity type of a worker. Hence, she would assign
positive probability to all possible combinations of belief and productivity types. I
derive the equilibrium for this case in section 5.

To derive the equilibrium values of imaginary offers in the case of perfect neg-
ative correlation, notice from (11) that the effect of ¢} is always negative and the
effect of e/ is always positive. Hence, e¢§ = 0 while ¢/ = 1.9

To see why the effort level for the optimistic productive type has positive effects
on profits, simply notice that in this framework optimistic workers are always un-
productive. Hence, the second channel of exploitation is more powerful than ever
and the employer uses an imaginary offer that grants the largest possible incentive
compatible surplus to an hypothetical optimistic productive type. Also note that,
since the actual productive worker is always pessimistic, he assigns to this offer a
much smaller weight than the optimistic productive worker when evaluating w,(e).

As for the effort level of the pessimistic unproductive type, the intuition is un-
changed from section 4.1.

Given all the above, I can derive the equivalent of Result 2 for the case of per-
fectly negatively correlated types.

8Notice that, as explained later, if workers were not naive at all but simply lacked the knowledge of
their ability and formed unbiased expectations about it, the full efficiency result would still stand
— as shown by Laffont and Martimort (2002) and Harris and Raviv (1979).

9This ensures that contracts are incentive compatibile.
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Result 3 (Exploitation with Perfect Negative Correlation). When beliefs and pro-
ductivity are perfectly negatively correlated, pessimistic productive workers ob-
tain zero surplus while optimistic unproductive ones are exploited. Exploitation is
always strong.

Result 3 shows a peculiar feature of this case: pessimistic productive workers
enjoy no positive rent.!? Their pessimistic naiveté is large enough to allow the em-
ployer to extract all their surplus, but not large enough for them to be exploited.
This is because in period 1 pessimistic productive workers play the role of the low
type — they obtain zero expected utility. Hence, the employer can extract full sur-
plus from them by offering a contract that ensures zero utility to both productivity
types.

Optimistic unproductive types, on the other hand, can be screened away from
ws(e) with the promise of a higher utility in the event of being productive and a
lower one in the event of being unproductive. That is, introducing an imaginary
offer that grants positive utility to productive types and negative utility to unpro-
ductive types.

In other words, while in section 4.1 (I/C,) acts as a “proper constraint” on the
exploitation level of the unproductive type, here it acts as a means of exploitation.
It is through (/C,) that the employer can separate the unproductive type and take
advantage of his naiveté.

To conclude this section I present a corollary to Results 2 and 3 that compares
welfare findings.

Corollary 1 (Perfect Correlation Welfare). When beliefs and productivity are per-
fectly correlated, both productive and unproductive workers obtain lower utility
when correlation is negative.

Corollary 1 is quite intuitive. When correlation is negative, naiveté plays a much
larger role and the productive worker loses all potential information rent. The
employer uses the two channels of exploitation to their maximum effect.

To compare the findings with classical results, notice that if workers were not
naive but formed homogeneous unbiased expectations about their productivity
(also known as the “selling of the firm” equilibrium, Laffont and Martimort, 2002;
Harris and Raviv, 1979, where the worker becomes the residual claimant of the
firm’s profits), the employer would not be able to strongly exploit workers, but
would still be able to achieve full efficiency. If instead workers were fully informed

10Notice that pessimistic productive workers and optimistic unproductive ones are the only types
present in the population.



18

about their true productivity, the classical screening literature tells us that effi-
ciency would be achieved only at the top and that productive workers would enjoy
positive rents.

Hence, an agent’s imperfect information about his productivity allows the em-
ployer to exploit agents. Naiveté on its own allows her to use the second channel
of exploitation at the cost of full efficiency. The perfect correlation between beliefs
and productivity enables her to achieve full efficiency and, if the correlation is
negative, to extract all of the surplus from the productive types while still strongly
exploiting unproductive workers.

5. Imperfectly Informative Beliefs

In this section, I study the general case where beliefs are imperfectly informa-
tive. More precisely, both productive and unproductive workers have a positive
probability of being either optimistic or pessimistic, i.e. pp, py ¢ {0,1}.1

As described in section 2, the basic intuition from the literature on contracting
with naive agents when there is no correlation between beliefs and productivity
shows that the principal designs contracts that induce efficient effort in states —
productivity types in my model — that agents deem less likely (Eliaz and Spiegler,
2006, 2008). Exploitation also takes place in these states. Hence, in my model,
efficiency would be at the top in the contract for the pessimistic worker and at the
bottom in the one for the optimistic worker.

With the introduction of my assumption regarding type-dependent naiveté, how-
ever, this intuition fails to hold for the entire parameter space. As I show in this
section, the employer may find it optimal to induce a worker of i-belief and j-
productivity type to exert the efficient level of effort not because of the misalign-
ment of beliefs between her and the worker, but rather because of her posterior
that a belief type 7 is indeed a j-productivity type.

When beliefs are imperfectly informative, the employer has a prior that assigns
positive probability to each possible combination of beliefs and productivity type.
Hence she solves problem (2). Period 2 incentive compatibility this time, however,
is not as straightforward as before.

First of all, which incentive compatibility constraint is binding depends on the
posteriors of the employer since workers’ have self-selected in period 1.

Second, notice that, as in classical screening problems, if (/C;;) binds, then the
contract designed for an i-belief type induces the efficient level of effort in him.

Notice that the case where the correlation between beliefs and productivity is perfect for only
one productivity/belief pair is not analysed in the paper. Solutions for these cases, however, can
be derived by combining the findings of this section with the ones of section 4. They present no
further insights on the employer’s optimal contracting behaviour.
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Hence, deriving conditions for the 7C' constraints binding in period 2 also indicates
whether efficiency for belief type i is at the top or at the bottom. I start with the
contract designed for optimistic workers.

Result 4 (Efficiency for Optimistic Workers). If the employer has a strong up-
dated belief that optimistic workers are unproductive, or unproductive optimistic
workers are naive enough, efficiency is at the bottom in the contract for optimistic
workers. That is, if

Pr{fp|o} < %PT{QUWL (12)
then y'(el) = 6.

Condition (12) shows the trade-off the employer faces between inducing effi-
ciency for the most probable productivity type and inducing it for the worker that
has the most misaligned beliefs with respect to hers.

The employer has two main objectives: to induce efficient levels of effort in work-
ers — maximising the pie — and to extract as much surplus as she can — taking
the pie away from agents. When she has a strong belief that an optimistic worker
is unproductive, she wants to induce him to exert efficient effort regardless of the
extent to which she can exploit him, i.e. the level of his naiveté. On the other hand,
even if the posterior on an optimistic worker being unproductive is not particularly
high, i.e. most optimistic workers are productive, she may still want to induce effi-
cient effort in unproductive optimistic workers. This happens when the latter are
naive enough — ¢ is large enough. As shown in section 4, in fact, naiveté increases
exploitation.

A graphical intuition for Result 4 is represented in Figure 1. In the Figure con-
straints (1Cy), (ICy,) and (ICpg) are plotted, together with isoprofits, in (w}, w})
space. Condition (12) holds in the graph to the left and fails in the graph to the
right. Notice that profits increase towards the bottom left in each graph and that
incentive compatible (both for period 1 and period 2) contracts lie in the area above
(IC,) and between (ICy,) and (ICpy).

In the graph to the left, the posterior of the employer on an optimistic worker be-
ing unproductive is strong. Hence, an increase in w{ bites more on profits than the
same increase in wj. Hence, the isoprofits are steeper than the (1C;) constraints
and efficiency is at the top in the contract for optimistic workers. In the graph to
the right, the opposite intuition applies.

If beliefs and productivity were perfectly independent, then condition (12) would
become 2, < ﬁ, which is true by assumption. In this situation, the employer
would gain no information from screening in period 1 and would, therefore, focus
on extracting surplus and inducing the most naive workers in the population to
exert efficient effort.
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Figure 1. Optimistic Workers’ Efficiency

In the Figure (ICy), (ICyy), (ICp,) and isoprofits are plotted in
(wy,w}) space. When condition (12) holds — left side graph — iso-
profits are steeper than (/Cy). When condition (12) fails — right side
graph — they are flatter than (/C,). Profits of the employer increase
towards the bottom left of the graphs.

A similar result is true for pessimistic workers:

Result 5 (Efficiency for Pessimistic Workers). If the employer has a strong updated
belief that pessimistic workers are productive, or productive pessimistic workers
are naive enough, efficiency is at the top in the contract for pessimistic worker.
That is, if:

Pr{0y|6} < 12 Pr{0p]5}, (13)
then y'(ef’) = 0p.

Condition (13) is the mirror image of (12) for pessimistic workers. Notice that the
naiveté of pessimistic productive workers is measured by 1=* which is decreasing
in 6. The lower ¢ the larger the naiveté of productive pessimistic workers. Figure
2 below shows a similar graphical intuition to the one of Figure 1.

Ultimately, conditions (12) and (13) define the equilibrium of the model. Together
they determine the optimal behaviour of the employer and identify which of the two
competing effects (exploiting workers’ naiveté vs. inducing efficiency in the most
common productivity type) dominates. I present this result in Proposition 2 and
then analyse it in the (py, pp) space for a given 4, A and ¢.

Proposition 2 (Imperfect Correlation Efficiency). If both conditions (12) and (13)
hold, efficiency is at the bottom (top) in the contract for optimistic (pessimistic)
workers. If both conditions (12) and (13) fail, efficiency is at the top (bottom) in
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Figure 2. Pessimistic Workers’ Efficinecy

In the Figure (/Rs), (ICys), (ICps) and isoprofits are plotted in
(w¥,w}) space. When condition (13) holds — left side graph — iso-
profits are flatter than (I R;s) and efficiency is at the top in w;(e). When
condition (13) fails — right side graph — they are steeper than (7 Rs)
and efficiency is at the bottom. Profits of the employer increase to-
wards the bottom left of the graphs.

the contract for optimistic (pessimistic) workers. If condition (12) holds while (13)
fails, efficiency is at the bottom in both contracts. If condition (12) fails while (13)
holds, efficiency is at the top in both contracts.

Proposition 2 describes the main trade off faced by the employer and states the
main contribution of the paper. It follows from combining Results 4 and 5. To
understand the Proposition, consider Figure 3.

The basic parameters of the model are §, A, ¢, pp and py. The first three simply
describe the relation between optimistic and pessimistic workers and the propor-
tion of productive types in the population. The last two, instead, are the focus of
the paper and determine the level of information about true productivity obtained
by knowing a worker’s beliefs — i.e. the extent of naiveté type-dependence. In
Figure 3, I assume ¢ = 5, A = ; and ¢ = 2 and study the equilibrium of the model
in (pu, pp) space.

The 45° line in the graph separates the area of positive correlation, below the
line, and the one of negative correlation, above the line.

In area A the optimal contracts feature efficiency at the top for the pessimistic
worker and at the bottom for the optimistic one. Corollary 2 shows that this area
occupies the entire portion of the parameter space where beliefs and productivity
are negatively correlated for every § < A\ < ¢. This is perfectly in line with the
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Figure 3. Efficiency in Optimal Contracting

In the Figure condition (12) and (13) are plotted in (py,pp) Space.
To the left of the bold line, condition (12) holds and the contract for
optimistic workers features efficiency at the bottom. To the right of
it the condition fails and the contract features efficiency at the top,
instead. Above the thin line, condition (13) holds and the contract for
pessimistic workers features efficiency at the top. Below it, the condi-
tion fails and the contract features efficiency at the bottom, instead.

literature’s findings, discussed in section 2, and agrees with the intuition that em-
ployers induce workers with strong wrongly biased beliefs to exert efficient effort,
while distorting offers for more self-aware types. Notice that if the type dimen-
sions were independent, pp and py would be equal. Hence, the 45° line would be
the parameter space and area A would characterise all the equilibria. The portion
of the parameter space on the 45° line represents the model of Eliaz and Spiegler
(2008) with only two belief types of agent.

Corollary 2 (Efficiency with Negative Correlation). When beliefs and productivity
are negatively correlated, the contract for pessimistic workers features efficiency
at the top while the one for optimistic workers features efficiency at the bottom.

The Corollary is proven by studying conditions (12) and (13) when pp > p;. When
beliefs and productivity are negatively correlated, the cost of extracting efficient
levels of effort from optimistic unproductive workers and pessimistic productive
workers is low. It is so low, in fact, that even when chances to meet such types are
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low (according to her updated beliefs) the employer still finds it optimal to extract
surplus from these types.'?

The area below the 45° line is divided in four: a portion of area A, area B, where
efficiency is at the bottom in both contracts, area C where efficiency is at the top for
optimistic and at the bottom for pessimistic workers, and area D where efficiency
is at the top for both belief types. This shows the interaction of the two driving
forces of the employer’s behaviour. On the one hand, when workers are naive
enough, the employer wants to take advantage of their wrong beliefs to exploit the
unproductive type without giving up a too large surplus to the productive worker.
On the other hand, when workers’ naiveté decreases and beliefs become more
informative, the employer behaves according to her posteriors, inducing efficiency
for the productivity types she deems most probable.

In particular, in area B, ¢ has not changed from area A. What has changed,
however, is the expected naiveté of a pessimistic worker since the probability of
meeting a pessimistic worker who is productive is relatively low. When pp is small
the number of pessimistic workers that turn out to be productive is low, hence
after the screening of period 1, the employer updates her priors and induces pes-
simistic unproductive workers to exert efficient effort rather than the pessimistic
productive ones. In other words, the chances that a pessimistic worker is produc-
tive are so small that the benefits of extracting efficient effort from such a type are
negligible.

Area D has the exact opposite intuition. The employer’s posterior on facing a
unproductive worker given that the latter is optimistic are very small. Hence, she
designs a contract with efficiency at the top for optimistic workers.

Finally, area C represents the case where workers have beliefs that are strongly
positively correlated with their productivity. Hence, the optimal contracts resem-
ble, in efficiency terms, the ones of section 4.1.

In Appendix A, I derive the optimal contracts for all the possible cases described.
Given the solutions found, the next Result studies the case of bunching of pes-
simistic types, while the next Corollary studies workers’ welfare.

First of all, although in the case of imperfectly informative beliefs there are no
imaginary offers, the offers set for workers whose period 2 7C' are not binding
play a similar role. If the employer wants to exploit the pessimistic unproductive
type, for example, through offer (w}’, ¢f'), she is still capable of doing so. This time,
however, offer (w!’,el’) has a first order direct effect on profits. This is because
pessimistic productive workers do exist and the employer’s priors on a worker

12Notice that negative correlation between belief and probability happens in the area of the graph
above the 45° line. Hence, however small, there is a strictly positive probability that these types
exist.
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being such a type are given by ppA. Hence, designing a contract that screens
among differently productive pessimistic workers in period 2 may be suboptimal.
Differently from section 4.1, this is regardless of the direction of the correlation
between beliefs and productivities.

The higher the naiveté of pessimistic productive workers, relative to that of opti-
mistic productive workers, the higher is the gain of using (w?, f’) for exploitation.
When the proportion of optimistic workers is high, however, period 1 separation
becomes too costly — in terms of higher expected utility granted to optimistic work-
ers.

Result 6 (Pooling of Pessimistic Workers). When beliefs and productivity are im-
perfectly correlated, if the pessimistic productive worker is naive enough — rela-
tive to the optimistic unproductive one — or if the proportion of optimistic workers
is small, that is:

% > Pr{¢}, (14)

then the employer separates pessimistic workers on the basis of their productivity.
Otherwise, they are bunched together.

Result 6 is reminiscent of Result 1. When the expected utility of ws(e) increases
— as a consequence of a rise in the utility granted by (w?, ef') — in order to sepa-
rate the optimistic worker from a pessimistic one, the employer has to increase the
expected utility coming from w,(e). This is regardless of the actual productivity of
the optimistic worker. Furthermore, since the optimistic worker weights (w!’, el’)
more than a pessimistic one, the increase in expected utility granted to optimistic
workers can offset the profit gains of using (w!’, el’) to exploit the pessimistic un-
productive worker. This happens when condition (14) fails.

The next Corollary shows that the qualitative results on workers’ welfare are
common to all four areas.

Corollary 3 (Imperfect Correlation Welfare). When beliefs are imperfectly infor-
mative about workers productivity, unproductive workers are always exploited
while productive workers enjoy a non-negative surplus.

Corollary 3 follows from the proof of Lemma 1. Hence, the result is qualitatively
unaffected by the direction and extent of the correlation between beliefs and pro-
ductivity. Qualitative welfare results are unchanged regardless of the information
granted by beliefs on productivity levels.

Since in period 1 the employer has only priors over agents’ belief-types, she
cannot take advantage of the correlation between type dimensions. In period 2,
however, she can update her beliefs and set offers that affect the extent of the
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exploitation of unproductive workers and the amount of surplus granted to pro-
ductive ones.

6. Concluding Remarks

The purpose of this paper is to study the optimal contracting behaviour of a
principal who faces agents with type-dependent navieté. There are two main im-
plications of this new assumption.

First, when workers’ beliefs are perfectly informative of their productivity, full
efficiency is achieved. Unproductive workers are always exploited. Productive
workers enjoy a positive surplus if their beliefs are positively correlated with their
productivity. If the two are negatively correlated, instead, they enjoy no informa-
tion rent.

The second main result focuses on efficiency of contracts when beliefs are im-
perfectly informative of their productivity. I show how the employer uses the infor-
mation gained by screening among different belief types in period 1. She designs
contracts that extract efficient effort levels either from the most naive workers in
the population, because it is “cheaper” to do so, or from the type of worker she
deems most probable to face given her posteriors.

These findings connect the literature on sequential screening (Courty and Li,
2000, inter alia) with the literature on contracting with naive agents (Eliaz and
Spiegler, 2006, 2008) by assuming that agents’ naiveté depends on the agents’
true nature (as in sequential screening problems).

Eliaz and Spiegler (2008) define a speculative contract as one that grants an
i-belief worker expected utility A(w? — 0pel’) + (1 — A\)(w¥ — 0ye¥) < 0. In other
words, a contract is speculative if it should not be signed by a worker with unbiased
beliefs. In the context of this paper, I can prove that an optimistic (pessimistic)
worker never (always) signs a speculative contract. This, however, does not save
(condemn) him from (to) obtaining zero (negative) surplus.

This result follows from the assumption that one of the period 2 “states of the
world”, i.e., the two levels of productivity, dominates the other. In other words, for
any level of effort ¢/, the utility a productive worker obtains from (w(e’), ¢') is always
higher than the utility obtained by an unproductive worker. This assumption is not
present in Eliaz and Spiegler (2006, 2008). The study of what would happen in
a framework of type-dependent naiveté with unordered period 2 states is left for
future work.

The extension of the present model with a continuum of belief types, and the
assumption of heterogeneous distributions of beliefs among equally productive
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workers are work in progress. Also, of interest for future research is the relax-
ation of the assumption on the perfect observability of e, introducing of a moral
hazard problem in the model.
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Appendix A. Imperfectly Informative Beliefs — Optimal Contracts

In this appendix, I present the solutions of problem (2) for every value of pp and
pu, that is, for all possible combinations generated by conditions (12) and (13). I
also derive workers’ utility in each equilibrium. Notice that the ranking and sign
of workers’ utility levels is proven in Lemma 1.
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In what follows I define U7 as the utility a j-productivity and i-belief type worker
obtains at the end of the game: U/ = U;(w!, ¢]) = w! — 6;¢..

If conditions (12) and (13) hold together, the optimal contracts designed for area
A are obtained by solving (2) with (/Cy ) and (ICp,s) binding results in:

wy = Es(0)eg (15)
wt = Es(0)el + 0p(ef —eY) (16)
wl = (Es(0) — Es(6))ef + Eg(0)ef + 6y (e —ef) (17)
wl = (Bs(0) — Es(0))e§ + Ey(0) (18)
and

¥y (e) = Es(e)—(1—ﬁ(f)>\))i4;(9)—pp>\9p (19)
es y'(e) =0p (20)
e y(e) =y (21)
eg : y/(e) (1-£( ))E¢((flpS)AA)( —pu)Ou (22)

This results in:
UV = Es(0)el — 0pel <0 (23)
UP = BE5(0)eY — 0pel >0 (24)
= (E5(0) — Eg(0))es — (6 — Ey(0))e; <0 (25)
U¢ = (E5(0) — E4(0))ef — (0p — E4(0))el > 0. (26)

If condition (12) holds while (13) fails, the optimal contracts designed for area
B are obtained by solving (2) with (ICy,4) and (/Cyp ) binding. This results in:

ws = Es(0)e — Oy(es —ef) (27)
wy = Es(0)ef (28)
wy = (Es(0) — Ey(0))es + Ey(0)el + 0u(el — k) (29)
wy, = (E5(0) — Ey(0))es + Ey(0)el (30)
and
e§ 1y'(e) =0y (31)
65 . y/<e) _ Eé(‘9)—(1—E(P)1\§z(9)—PP(1_>\)9U (32)
el y'(e) =0y (33)
ef o (e) = IR (34)
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this results in:

U/ = Es(0)ef — Opel <0 (35)
UY = Es5(0)ef — 0pel >0 (36)
Ug = (E5(0) — Es(0))es — (O — Bs(0))ef <0 (37)
Uy = (E5(0) — Bs(0))es — (B — Es(0))ef > 0. (38)

If conditions (12) and (13) fail together, the optimal contracts designed for area
C are obtained by solving (2) with (/Cp,) and (ICy,) binding. This results in:

wy = Es(0)es — Ou(es — e5) (39)
wy = Es(0)ef (40)
wy = (E5(0) — Ey(0))es + Ey(0)e] (41)
w(f = (E5(0) — Ey(0))es + Ey(0)eg + 0p(ey eg) (42)
and
es y'(e) =0y (43)
65 . y/<e) — E6(9)—(1—E(P)1\E¢(9)—PP(1—>\)9U (44)
PU

eg : y/<€> _ (1—E(pzfzf))(—li(;)—p(1)9p (45)
el i (e) =6p (46)

this results in:
Uj = Eg(Q)ef; — QUef <0 (47)
UP = Es5(0)ef — 0pel >0 (48)
Uy = (E5(9) — Ey(0))es — (0u — Eg(0))el <0 (49)
U = (E5(0) — Ey(0))es — (0u — Eg(0))e > 0. (50)

Finally, if condition (12) fails while (13) holds, the optimal contracts designed for
area D are obtained by solving (2) with (/Cp,) and (ICps) binding results in:

wy = Es(0)eg (51)
wy = Bs(0)es +0p(es — ef) (52)
wg = (Bs(0) — Es(0))es + Eg(0)eg (53)
wf; = (E5(0) — E4(0))eY + E¢(«9)eg + Qp(eg — eg). (54)
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and
eV yf(e) = E6(9)*(1*5%71\))559)*PU)\9P (55)
e; :y'(e) =0p (56)
el 1y (e) = LU (57)
ef; 2y (e) = Op. (58)
this results in:
Ul = Es(0)el — 0pel <0 (59)
UF = E5(0)el — 0pel >0 (60)
U§ = (E5(6) — Eg(0))es — (Bu — Eg(6))eg <0 (61)
Uy = (Es(0) — Es(0))e§ — (0p — Ey(0))ey > 0. (62)

Appendix B. Proof of Lemma 1

(1) First of all, U/ > max{0,U"}. To see this notice that from ICp;: U/ > wV —
Ope? > UY for all e, with strict inequality for all e > 0. Moreover, suppose U < 0,
UF > 0is implied by the (/R;). Using the above, the (/Rs), the (/Cy) and the fact
that ¢ > ¢ I can write the following sequence of inequalities:

UL + (1= )UY > oUy + (1 — ¢)Uy = 6Uy + (1 —0)Us >0

which proves that (I R;) holds.

Suppose now that (/Rs) was not binding. Then the principal can decrease all
wages in the contract by € > 0 without affecting any of the other constraints while
raising profits.

(2) Given the above, Ul > 0 > UY. Rearrange the ICs in the following way:

S(Uy —U) + (1 =6) Uy —UY) >0 (ICs)
o(Us —Ug)+ (1 —o)(Uf —=UJ) <0. (L1C)

The above shows that the sign of the convex combination between (Uj” — UJ’) and
(U — UY) changes from non-negative to non-positive when the combination gets
closer to (Uy” — U/) instead of (U — UJ). This implies that (U — U}’) < 0 and that
(Uy — U) > 0 which implies U} > U > 0> Uy > UJ.

Suppose now (/Cy) was not binding, then the principal can decrease both ¢ and
e}, keeping period 2 incentive compatibility unchanged. In this way, profits would
rise, (ICs) would be relaxed and (IR,) would still hold by the Lemma above. To



31
see that (1Cj) is slack rearrange the 7/C's in the following way:
(U = U )+ Uy =6(U) -UY)+UY (ICs)
Uy = UJ) + U = o(Uf = U)) + Uy (1Cy)
From (ICy), U = ¢(U —U{' )+ U{ —¢(US — UY). Substitute it back into the (ICs)
to get: (US — UJ) > (Uf — Uf') which always holds given Lemma 2.

Appendix C. Proof of Result 1

Consider the principal objective function as in (4). Notice that the effect of ¢!
is given by AE4(0) + (1 — A\)dy — E5(0) which is positive if and only if condition (5)
holds. Hence, if that is the case, (w},ef’) = (E5(0),1).

If, instead, (5), then the employer wants to set ¢’ as low as possible. However, ex-
post incentive compatibility implies that e/ > Y. Hence, (wf,el) = (E5(0)eY,€Y)
and the contract for ¢ induces (imaginary) pooling.

Appendix D. Proof of Result 2

To prove the statement simply work out the wage levels and notice that: if (5)
holds:

wy — Oyes = (Es(0) —0y) <0
wy, — Opely = (E5(0) — Ey4(6)) > 0.
If it does not hold:
wy — Oues = (Es(0) — Ou)es € [(Es(0) — 0u), 0]
wy — Opey = (E5(0) — By(0))es € [0, (Es(0) — Ey(9))].
Appendix E. Proof of Result 3
To prove the statement simply work out the wage levels and notice that:
wl — el = (Ey(0) — 0y) <0
wy — Opef = Opes — Opef = 0.
Appendix F. Proof of Result 4

The employer wants to design incentive compatible contracts that maximise prof-
its. From Lemma 1 I know that (/R;) and (IC,) have to bind in period 1. The first
is irrelevant for the optimistic workers’ contract.

I can represent incentive compatibility in a (wj,w}) space as in Figure 1 in
the paper. Incentive compatible contracts lie above the (/C,) between (ICy,)
and (ICp,). Expected utility increases towards the top right, profits towards the



32

bottom left. Hence, an optimal contract always lies on the (/C,) binding line.
In order to select the optimal contract, I study the slope of the isoprofits, in a
(wy,w}) space, and compare it to the one of the (IC,). The former is given by

% while the latter is — 1= ¢. Hence, isoprofits are steeper than the (/Cy) if
(1—pp) < (1 —py)7Z 52 that can be rearranged to obtain (12). If the latter holds,
the right hand side graph of Figure 1 shows that the optimal contract has (/Cy,)

binding and induces efficient effort in optimistic unproductive workers.

Appendix G. Proof of Result 5

The proof follows the one for Result 4. Simply substitute the (/C,) with the (I R;)
constraint. Notice that here I use a partial equilibrium argument. that is, [ assume
that given the optimal contract for the pessimistic worker, the contract designed
for the optimistic worker adjusts in equilibrium in order for the (IC,) to bind.

Appendix H. Proof of Corollary 2

To prove the Corollary simply notice that in area A both (12) and (13) must hold
and that pp > py. From the proofs of Result 4 and Result 5 the conditions are
respectively equivalent to:

1-¢ _(1-AN(1-pv)
< and (63)
o A (1 —PP)
(L=X)3d = pp
Start from noticing that 2 A > 122 When pp > pu, 1= PU > 1. Hence, (63) always

holds. For (64), notice that ))A > 1. Hence the cond1t10n always holds for pU < 1.
This proves that aera A always takes up the entire space above the 45 degree line
in Figure 3.

Appendix I. Proof of Result 6

Checking for (el — ') > 0, it is easy to see that this is true for all contracts and
all types when the (ICps) binds. As for the rest of the contracts, it is also easy to
check that the offers for productive types are always incentive compatible when
they induce separation. As for the ones for the pessimistic type:

P

ef —ef >0 if and only if ¢ < (65)

1 - E(p)
which generates (14).



