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Computation and properties of the density gµ

In the sequel for x := (x1, · · · , xN−1) ∈ RN−1 we shall simply write x :=
(x1, x

′). Taking a test-function ϕ ∈ C0([α1, 0], R), using the change of vari-
ables p = (p1, p

′) 7→ (α · p, p′) and Fubini’s formula we get:∫
ΣN−1

ϕ(α · p)ρ(p)dp = −
∫ 0

α1

ϕ(t)

α1

(∫
Σt

ρ(
t

α1

−
N−1∑
n=2

αn

α1

pn, p
′)dp′

)
dt,

where:

Σt :=

{
p′ ∈ ΣN−2 : (

t

α1

−
N−1∑
n=2

αn

α1

pn, p
′) ∈ ΣN−1

}
.

This proves that µ is absolutely continuous with respect to Lebesgue’s mea-
sure on [α1, 0] and admits the density:

gµ(t) = − 1

α1

∫
Σt

ρ(
t

α1

−
N−1∑
n=2

αn

α1

pn, p
′)dp′.

gµ is trivially positive since α1 is negative. We shall write gµ in a more
compact way as:

gµ(t) =

∫
Σt

σ(t, p′)dp′ with σ(t, p′) = − 1

α1

ρ(
t

α1

−
N−1∑
n=2

αn

α1

pn, p
′).
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If ρ is continuous so is gµ (use Lebesgue dominated convergence theorem
and the fact that, if tn converge to t, the indicator function of Σtn converges to
that of Σt a.e. with respect to the N − 2 dimensional Lebesgue’s measure).
Since Σ0 = Σα1 = 0RN−2 , we have gµ(0) = gµ(α1) = 0. Moreover, if ρ is
strictly positive on the interior of ΣN−1, so is gµ on (α1, 0).

Lemma 1 If ρ ∈ C1(ΣN−1, R) and ρ is strictly positive on ΣN−1, then there
exists a neighborhood of 0 on which gµ is nonincreasing.

Proof. First, note that Σt can be written as

Σt =

{
p′ ∈ ΣN−2 :

N−1∑
n=2

αnpn ≥ t and
N−1∑
n=2

(1− αn

α1

)pn ≤ 1− t

α1

}
.

For t sufficiently close to 0, the requirements p′ ∈ RN−2
+ and

∑
αnpn ≥ t

imply
∑N−1

n=2 (1 − αn

α1
)pn ≤ 1 − t

α1
and

∑N−1
n=2 pn ≤ 1 so that there exists t0

such that for t0 ≤ t < 0

Σt =

{
p′ ∈ RN−2

+ :
N−1∑
n=2

αnpn ≥ t

}
= −tA0, (1)

where A0 is the (fixed) set

A0 :=

{
p′ ∈ RN−2

+ :
N−1∑
n=2

αnpn ≥ −1

}
.

Hence, for t ∈ (t0, 0), gµ(t) can be computed as

gµ(t) = (−t)N−2

∫
A0

σ(t,−tq)dq.

Differentiating this expression yields:

ġµ(t) = −(N − 2)(−t)N−3

∫
A0

σ(t,−tq)dq

+(−t)N−2

∫
A0

(∂tσ(t,−tq)− ∂qσ(t,−tq) · q)dq

so that ġµ(t) < 0 for sufficiently close to 0.

2



The case of observable lender’s type

As a benchmark, let us consider the optimal (type-dependent) contract when
the lender’s type p ∈ ΣN−1 is observable by the borrower. If p is observable,
for each p, the borrower determines ω and C by maximizing the profit:

π(ω,C) :=
N∑

n=1

qn

2ε

∫ θn+ε

ω)

(ω − ω)dω − C (2)

subject to ω ∈ [δ, δ] and the participation constraint:

U(p, ω, C) = (α · p)ω + β · p + z(ω) + C ≥ r (3)

Since clearly (3) is binding, one gets:

C = r − (α · p)ω − β · p− z(ω).

Replacing in (2) and defining the reduced type t := α ·p, elementary calculus
yields:

π(p, ω, C) = ω (t− τ) + k′

where k′ is some constant and:

τ = − 1

2ε

(
θN −

N∑
n=1

θnqn − γ

)
.

Hence, when p is observable, the borrower offers the contract δ to lenders
with types t ∈ [α1, 0] with t ≤ τ and contract δ to lenders with type t ≥ τ .
It is easy to check that τ ≥ α1 and that pooling occurs (δ offered to all the
lenders) exactly when τ ≥ 0 which is the same condition as in the adverse
selection case.

3


