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Maximum Likelihood Estimation of Cointegration
Vectors: An Example of The Johansen Procedures

S. G. Hall

INTRODUCTION

The concept of cointegration has attracted increasing attention over recent
years, the key paper of Engle and Granger (1987) providing a spur to a great
deal of research in a number of directions. One strand of this research
involves the estimation and testing of cointegrating vectors within an OLS
framework. A two-step estimator may be constructed, by first estimating a
static regression, then taking the residuals from this equation and including
them in a full dynamic model. Engle and Granger show that this estimator is
consistent and that the convergence properties of the parameter estimates are
superior to standard OLS. This procedure involves normalizing the
cointegrating vector on one of the variables which makes the assumption that
the corresponding element of the cointegrating vector is non-zero. Doubts
have been raised about the usefulness of this procedure in the light of a
considerable degree of small sample bias which may occur in the parameter
estimates (e.g. Banerjee er al. (1986)). Despite this difficulty, a number of
applications of the two step estimator have been performed, including Hall
(1986), Jenkinson (1986) and Drobney and Hall (1987).

In practical applications there are a number of disadvantages to the two-
step procedure which are perhaps more important than the small sample bias.
In particular two problems are largely unresolved; first the assumption is
made that the cointegrating vector is unique, this may not, however, be the
case and the two-step procedure provides no framework for addressing this
question. Second, the test procedures do not have well defined limiting
distributions and as a result testing for cointegration is not a straightforward
procedure.

A recent paper by Johansen (1988) suggests a maximum likelihood estima-
tion procedure which offers solutions for both of these problems. It provides

41 would like to thank D. F. Hendry and S. Johansen for helpful comments on an earlier draft
ul this paper, any remaining errors are of course my own responsibility, The views expressed in
thin paper do not necessarily represent those of the Bank of England,
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estimates of all the cointegrating vectors which exist between a set of
variables as well as test statistics for the number of cointegrating vectors
which have an exact limiting distribution which is a function of only one
parameter. In this paper the model of Hall (1987) will be estimated for
aggregate UK data using this new procedure. The maximum likelihood
estimates of the cointegrating vector may then be compared with those
derived by the Engle and Granger two-step procedure.

The next section of this paper will give an account of the Johansen estima-
tion techniques, the third section will provide an application of this technique
to UK wage data, the fourth section will draw some comparisons and
conclusions.

BULLETIN

THE JOHANSEN PROCEDURE

Johansen sets his analysis within the following framework. Begin by defining
a general polynomial distributed lag model of a vector of variables X as

X b X, e, =Ll (1)

where X is a vector of N variables of interest; and ¢, is an independently
identically distributed N dimensional vector with zero mean and variance
matrix Q. Within this framework the long run, or cointegrating matrix is given
by

(2)
7 will therefore be an NXN matrix and the number of distinct cointegrating
vectors which exist between the variables of X, r, will be given by the rank of
7. In general if X consists of variables which must be differenced once in
order to be stationary (integrated of order one or I(1)) then, at most, r must
be equal to N — 1, so that r< N — 1. Now we define two matrices a,  both of
which are Nxr such that

i oy L e el 4

a=af

and so the rows of B form the r distinct cointegrating vectors.
Johansen then demonstrates the following Theorem.

Theorem: The maximum likelihood estimate of the space spanned by g is the
space spanned by the r canonical variates corresponding to the r largest
squared canonical correlations between the residuals of X,_, and AX, cor-
rected for the effect of the lagged differences of the X process. The likelihood
ratio test statistic for the hypothesis that there are at most r cointegrating
vectors is

“olmQ=-T ¥ mi1-4)

i=r+l

(3)

A A

where 4,,,...Ay are the N-=r smallest squared canonical correlations.
Johansen then goes on to demonstrate the properties of the maximum likeli-
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hood estimates and, more importantly, he shows that the likelihood ratio test
has an asymptotic distribution which is a function of an N —r dimensional
Brownian motion which is independent of any nuisance parameters. This
means that a set of critical values can be tabulated which will be correct for all
models. He demonstrates that the space spanned by J is consistently
estimated by the space spanned by f.

In order to implement this Theorem we begin by reparameterizing (1) into
the following error correction model.

DM&“H,HDNNIH.T +ﬂ»lH>N~|»+H +H,»Mm4~|»+m~ Ah.v

where
Vie =l + a2 d=1,.k

The equilibrium matrix 7 is now clearly identified as —I',.

Johansen’s suggested procedure begins by regressing AX, on the lagged
differences of AX, and defining a set of residuals R,, then regressing X, , on
the lagged differences and defining R,,. The likelihood function, in terms of
@, f and Q is then proportional to

i i :
PAQV mvbvn_b_lﬂ\wwuﬁu IM M ANNS..TQE W\QV m.w _ANNE.TQR Nmﬁv Amv
=1

If  were fixed we could maximize over a and Q by a regression of R, on
= 'R, which gives |
&(B)= — SoxB(B'SuB) (6)

and
Q(B)=So0 = SoxBB'SiB) ' B'Sko (7)

where
T
S.=T NIRRTk
=1

und so maximizing the likelihood function may be reduced to minimizing

| So0 = SoxB(B'SiB) ™' B'Skol
and it may be shown that (8) will be minimized when
| B'SixB— B'SkoSo0 SoxBl/| B'SB]
attains a minimum with respect to 8. ]

We now define a diagonal matrix D which consists of the ordered eigen-
vilues A, > ... > Ay of Sy So0' Sox ith respect to Sy, That is 4, satisfies

| »:f; it .c:.v_::_ So _ =0

(8)

(9)

(10)
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Define E to be the corresponding matrix of eigenvectors so that

Sk D =SS0 SorE (11)
where we normalize E such that E'S, E = 1.

The maximum likelihood estimator of 3 is now given by the first » rows of
E, that is, the first r eigenvectors of S,,Sq,' Sy« With respect to Sy,. These are
the canonical variates and the corresponding eigenvalues are the squared
canonical correlations of R, with respect to R,. These eigenvalues may then
be used in the test proposed in (3) to test either for the existence of a
cointegrating vector r= 1 or the number of cointegrating vectors N> r> 1.

AN APPLICATION TO UK WAGE RATES

This section will extend the work reported in Hall (1986) using this new
technique. That application considered the cointegrating vectors which
existed between the log of wages, LW, the log of prices LP, the log of produ-
ctivity LPRODS, the log of average hours worked LA VH and the percentage
rate of unemployment UPC. It was shown that both LW and LP were I(2)
series which cointegrated to produce an /(1) series for the real wage LRW. In
this work we will confine the model to consider I(1) variables only by work-
ing with the real wage rather than nominal wages and prices. This gives a
vector of four variables LRW, LPRODS, LAVH and UPC.

Given that the data is quarterly and that the lag structure reported in Hall
(1986) is fairly simple, a polynomial distributed lag model was specified with
a maximum lag of four quarters. So k in (1) takes the value 4.

The procedure then begins by performing two sets of 4 regressions, in the
first set we regress the first difference in each variable on all the lagged dif-
ferences of all the variables up to the third lag. So the first regression will be

3

ALRW=a,+ . (b,ALPRODS, ;+c,ALAVH,_;

p=1
+d,AUPC,_,+e,ALRW,_,) (12)

The residuals from each of these regressions are stored and they form the R,
residuals.

The next step involves another four regressions of the 4 period lagged level
of each variable on the same set of lagged first difference terms as given in
(10). The residuals from these regressions then form the set of R, residuals.
These two sets of residuals may then be used to form the four matrices S,
Soxs S and Sy, defined in (7). Finally the eigenvalues and eigenvectors of
(10) may be calculated.

On a point of computation, (10) is a non-standard form of the eigenvalue
problem which is sometimes referred to as the generalized eigenvalue
problem. It may be solved directly by some advanced programming libraries
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such as the Nag library or it may be put into a more tractable form using the
following suggestions.!

Decompose the matrix S, = CC' using a Cholesky decomposition. Then
note that the eigenvalues for (10) will also solve

_NNII Q(HVW»O%OIOH%OkQ\lﬁ _ "O

I'his is now a standard eigenvalue problem involving a symmetric positive
definite matrix C 18,0850 Sox C' ™1, which shows that the eigenvalues of (10)
must be real and positive. Now if V...V, denote the normalized eigen-
vectors such that V'V=1I then E=C'"'V will give the eigenvectors of the
original problem normalized such that E'S, E =1.

The results of this procedure are reported below in Table 1 (estimation
was performed using the authors regression program REG — X).
The test statistics that there are at most » cointegrating vectors are given by

"

r LR test 95% Critical value?
(1] 66.8 38.6
| 2137 23.8
2 11.6 12.0
3 1.41 4.2

T'he likelihood ratio test that there are at most 0 cointegrating vectors easily
rejects the null hypothesis, so we know that there is at least one cointegrating

~ vector. The likelihood ratio tests that there are at most 1 or 2 cointegrating

vectors are very close to the 95 percent critical values and the test that there
jire at most three cointegrating vectors is well within the rejection criteria. So
there is clearly one cointegrating vector, there is some doubt, based on the
likelihood ratio tests, that there may be more than one cointegrating vector
nlthough the coefficients of the second and third cointegrating vectors do not
jeem to make economic sense.

If we renormalize the values of the first eigenvector so that real wages takes
the value — 1 we get

Real wages Unemployment Hours
-1 1.099 =562 —0.94

It I8 interesting to compare this eigenvector with table 3 of Hall (1986). That
tuble estimated the coefficients of the cointegrating vector in all its inversions.
The parameter on LPRODS varied between 0.85 and 1.21, its ML estimate
in Table 1 is 1.099. The parameter on UPC varied between —0.56 and
~ 3.52 with four of the five estimates being greater than —0.73; the ML
estimator is = 0.562. Finally the parameter of LAVH varies between —1.65
and ~ 2,64 and the ML estimator is —0.94. In this paper we are working
with total wage rates rather than hourly wage rates so the corresponding

Productivity

suggesting this procedure.
1988),
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hourly effect would be —0.65... —1.64. In every case the ML estimator
therefore lies within the space defined by the different OLS estimates of the
cointegrating vector.

If the cointegrating vector is not unique then the second vector would be
estimated by the eigenvector corresponding to the eigenvalue 0.19. The
vector would seem to offer no convincing economic interpretation, although
given the small size of the real wage effect it may be suggesting a relationship
between unemployment and productivity.

CONCLUSION

The ML estimator has been shown to provide estimates of the cointegrating
vector which conform well with those given by OLS. It is also clear that
different versions of the OLS equations are not providing estimates of
different cointegrating vectors and that the differences are due to the small
sample bias of the OLS estimates which should disappear asymptotically.

Bank of England
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